MATHEMATICS

Chapter 5: Continuity And Differentiability
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CONTINUITY & DIFFERENTIABILITY

Top Definitions

1. A function f(x) is said to be continuous at a point c if.

lim f(x) = Iim+ f(x) = f(c)

X—=C X—C
2. Areal function fis said to be continuous if it is continuous at every point in the domain of f.

3. If fand g are real-valued functions such that (f o g) is defined at c, then

(f g)(x) - f(g(x)).
If g is continuous at c and if f is continuous at g(c), then (f o g) is continuous at c.

4. Afunction fis differentiable at a point c if Left Hand Derivative (LHD) = Right Hand Derivative

(RHD),
ie. tim fetM=fc) ;. flerh)-f(c)
h—-0 h h—>0’ h

5. If a function f is differentiable at every point in its domain, then

f(x+h)-f(c f(x-h)-f(c
Ihing ( h h) ( ) or Ihlrr01 ( 2] ( ) is called the derivative or differentiation of f at x and is

d
f’ —f(x).
denoted by f'(x) or dx (x)

6. If LHD # RHD, then the function f(x) is not differentiable at x = c.

7. Geometrical meaning of differentiability:
The function f(x) is differentiable at a point P if there exists a unique tangent at point P. In
other words, f(x) is differentiable at a point P if the curve does not have P as its corner point.

8. A function is said to be differentiable in an interval (a, b) if it is differentiable at every point
of (a, b).

9. A function is said to be differentiable in an interval [a, b] if it is differentiable at every point
of [a, b].

10.Chain Rule of Differentiation: If f is a composite function of two functions u and v such that
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f=v(t) and Future's Koy

_ . dv dt . dv dv dt
t = u(x) and if both pr and dx exist, then ax - dt dx’

11.Logarithm of a to the base b is x, i.e., logpa = x if b* = a, where b > 1 is a real number.
Logarithm of a to base b is denoted by logpa.

12.Functions of the form x = f(t) and y = g(t) are parametric functions.

13.Rolle’s Theorem: If f : [a, b] = R is continuous on [a, b] and differentiable on (a, b) such that
f(a) = f(b), then there exists some cin (a, b) such that f’(c) = 0.

14.Mean Value Theorem: If f : [a, b] = R is continuous on [a, b] and differentiable on (a, b),

f(c) = lim (©)=f(@)

then there exists some cin (a, b) such that >0 b=a

Top Concepts

1. Afunctionis continuous at x = cif the function is defined at x = c and the value of the function
at x = c equals the limit of the function at x = c.

2. If function f is not continuous at ¢, then f is discontinuous at c and c is called the point of
discontinuity of f.

3. Every polynomial function is continuous.
4. The greatest integer function [x] is not continuous at the integral values of x.
5. Every rational function is continuous.

Algebra of continuous functions:

i. Let fand g be two real functions continuous at a real number c, then f + g is continuous
atx=c.

ii. f-giscontinuousatx=c.

iii. f.giscontinuousatx=c.

iv. (é) is continuous at x = ¢, [provided g(c) # 0].
v. kf is continuous at x = ¢, where k is a constant.

6. Consider the following functions:
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i. Constant function
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ii. Identity function

iii. Polynomial function

iv. Modulus function

v. Exponential function

vi. Sine and cosine functions

The above functions are continuous everywhere.
7. Consider the following functions:

i. Logarithmic function
ii. Rational function
iii. Tangent, cotangent, secant and cosecant functions

The above functions are continuous in their domains.

8. If fis a continuous function, then |f| and 7 are continuous in their domains.

9. Inverse functions sin’lx, cos'x, tan'lx, cot™® x, cosec x and sec!x are continuous functions
on their respective domains.

f(x) = “mw_
10. The derivative of a function f with respect to x is f'(x) which is given by h-0 h

11. If a function f is differentiable at a point ¢, then it is also continuous at that point.
12. Every differentiable function is continuous, but the converse is not true.

13. Every polynomial function is differentiable at each x e R .

14. Every constant function is differentiable at each x e R .

15. The chain rule is used to differentiate composites of functions.

16. The derivative of an even function is an odd function and that of an odd function is an even
function.

17. Algebra of Derivatives

If uand v are two functions which are differentiable, then
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. (uxv)'=u'tv' (Sum and Difference Formula) Juturds Koy
ii. (uv)'=u'v+uv' (Leibnitz rule or Product rule)

i (E] LYWy £ 0,(Quotient rule)
A" \"

18. Implicit Functions

If it is not possible to separate the variables x and y, then the function f is known as an
implicit function.

19. Exponential function: A function of the form y = f(x) = b*, where base b > 1.
1.Domain of the exponential function is R, the set of all real numbers.
2.The point (0, 1) is always on the graph of the exponential function.
3.The exponential function is ever increasing.

20. The exponential function is differentiable at each x e R .

21. Properties of logarithmic functions:
i. Domain of log function is R*.
ii. The log function is ever increasing.
iii. For X’ very near to zero, the value of log x can be made lesser than any given real
number.

22. Logarithmic differentiation is a powerful technique to differentiate functions of the form
f(x) = [u(x)]'™. Here both f(x) and u(x) need to be positive.

23. To find the derivative of a product of a number of functions or a quotient of a number of
functions, take the logarithm of both sides first and then differentiate.

24. Logarithmic Differentiation
y=a
Taking logarithm on both sides
logy = log a*.
Using the property of logarithms
logy=xloga

Now differentiating the implicit function
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%% =loga Futurds Koy
dy x
—L =yloga=a“loga
dx

25. The logarithmic function is differentiable at each point in its domain.

26. Trigonometric and inverse-trigonometric functions are differentiable in their respective
domains.

27. The sum, difference, product and quotient of two differentiable functions are
differentiable.

28. The composition of a differentiable function is a differentiable function.

29. A relation between variables x and y expressed in the form x = f(t) and y = g(t) is the
parametric form with t as the parameter. Parametric equation of parabola y? = 4ax is x = at?,
y = 2at.

30. Differentiation of an infinite series: If f(x) is a function of an infinite series, then to
differentiate the function f(x), use the fact that an infinite series remains unaltered even
after the deletion of a term.

31. Parametric Differentiation:

Differentiation of the functions of the form x = f(t) and y = g(t):

dy
dy _ dt
dx dx
dt
dy _dy dt
dx dt dx

32. Let u = f(x) and v = g(x) be two functions of x. Hence, to find the derivative of f(x) with
respect g(x), we use the following formula:

du
du_dx
dv  dv

dx

33. If y = f(x) and % = f'(x) and if f'(x) is differentiable, then
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drdy = dy or f’(x) is the second order derivative of y with respect to x. s
dx\dx) dx?

34. If x = f(t) and y = g(t), then

Top Formulae

1. Derivative of a function at a point

f'(x) =lim

h—0

f(x +h) = f(x)
h
2. Properties of logarithms
log(xy) =logx +logy
X
log [;J =logx —-logy

Iog(x"’) = ylogx

3. Derivatives of Functions
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X
d—i{sinx) = COS X
di{cosx] = —sinx
X
d

tanx) = sec’ x
dx

d cot x) = —cosec? x
dx

i{s ecx) = secx tanx

dx
i{cc>sec><]=—qz:r:ms-.=:c><m|t>-:
dx
d x X
a(e )=e
i{logc x) ——
1
—(log, ) = ,a>0,a=1
xlog, a
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FJutund's Hoy
di(a"}:a"logea,a>0
X
d | _ 1
a{sm x}_ —
d, . 1
dx(cos x) = —
d . . 1
— (tan =
dx( x] 1+x?
d 1)
dx(cot x) = v
d, i 1 .
a(sec lx)=m, if x| >1
d—i(cosec 1)(): x«f;zl_—ll if x| >1
2
_1+><2’x}1
d 4 2x 2
—48in = ~lax<1
dx{ {1+x2]} 1+ x?
2
e
2
-1 l_xz +X21X>0
— 4Cos =
dx 1+x° -2
1+x2'x<0
d 5 %,}h:—l orx>1
a2 Lo X
dx —gic? 2
L l<x<1
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q % X <1, 1<x<—% Futurd's Koy
A (3 an
x{sm (3x x)} 1
2
q %<X<1
-1 3
a{ca::s [4x 3x]} ) . .
—<x< or =1l<x<-—=
2
3 )(«<:—i 0rx>i
d (3% =% 1+x*' NE) NE)
—tan™ | ——— |} =
dx 1-3x 3 _i<x<_
1+x*" B NE)
dr. _
&_sm(sm x]]:l, if —1<x<1
d—i cos(cos‘ix)]:l, if —1<x<1
d_cic _tan(tan‘1 x)] -1, for all xeR
d  cos ec(cosec‘lx)] =1, for all x e R —(-1,1)

&[sec(s ec’x)| =1, for all x e R—(-1,1)

%[cot(cmt‘1 x)} =1, for all x eR

-1, —— < X<==
2 2
d 1,—§¢x<%
—|sin(sinx
dx[ ( ]} | & 3n
=] =X <« =
2 2
3n S5n
1, — <X<—
2 2
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1,0<x<n

i

-Ln<x<2n

Future's Koy

d_c; [cos™ (cosx)]
i[tan‘l(tanx)J = {1,nn— Tex<ZinmneZ
dx 2 2

1,-Z <x <0 or0<x<Z
d—ci([cos ec” (cosecx) | = 2 2

T 3n
-1, - <X <1 Or n<X<=—
2 2

T T
1,0 <X <= or =<x<nu
' 2 2

d [ 1
—[sec™ (secx)] =
dx -l,t<X< % or %<x<2n

di[cot‘l(cotx” -1,(n-1)r<x<nmneZ
X

4. Differentiation of constant functions

1. Differentiation of a constant function is zero, i.e.

2. If f(x) is a differentiable function and c is a constant, then cf(x) is a differentiable
function such that

d d
d—x(cf(x)) = cd—x(f[x}}

5. Some useful results in finding derivatives
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1. sin2X = 2sinxcosx Futunds Koy
2. cos2x =2cos’x—1
3. cos2x =1-2sin’Xx
4. sin2x :Zta—n;<

1+tan” x

2

5. COS2X = ﬂ

1+tan”x
6. tan2x = 2taim;

1-tan x

7. sin3x =3sinx—-4sin’x
8. cos3x = 4cos’ x —3cosx

_ 3
9. tan3x - 3tanx tazn X
1-3tan“x

10. sinix+sinty =sin’ {x,fl —vZ +yal1 —xz}
11. cos'x +cos 'y = cos 1{XY$\,1—X21II—Y2}

+
12. tan'x+tan'y = tan‘l( X }

1xxy
13, sin‘1x+cos‘1x=g,if ~1<x<1
14. tan‘1x+c0t‘1x:g, for all x eR

15. sec!'x +cosec 'x = g,if X € (=,-1]u[1,=)

16. sin*(-x) =-sin'x, for x e[-1,1]
17. cos™(-x) =n—cos ' x, for x e[-1,1]

18. tan™ (—x)=-tan"x, for x eR

19. sin'x = cosec™ [%] if X e (0, —1]U[1, )

20. cos'x =sec™ [%} if X & (=0, -1]U[1,0)
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21.

22.
23.

24,

25,

26.

27

cot L[lw, if x>0
tan'x = X/

—m + cot ‘[1], if x<0
o

sin” (sin0) =0, if —~<0<=
(sin0) 5 >
cos'(cos0)=0, f0<0<n

tan™ (tan@) =0, if -~ <0 <=
2 2
-1 5 1 ¢ m
cosec (cosect) = 0, if =5 <0<2,070

SEc‘l{secH}=£}, if0 <6< TE,B:#%

. cot”(cotB) =0, fO<B<n

6. Substitutions useful in finding derivatives

o

If the expression is then substitute
a +x° x = atan0 or acotd
a - x* X = asin0 or acoso
x? — a* X = asect or acosech
a-x a+ X
or ,|—— ¥ =acos2o
a+ X a-—x
] 2 2 r
at —x at + x
—— Of, |5 x* = a’ cos 20
a’+ X a’ —x
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Class : 12th Maths
Chapter- 5 : Continuity and Differentiability

: Suppose fis a real function on a subset of the real numbers and let 'c' be a point in the domain of f.;
i Then fis continuous at ¢ if lim f(x)=f(c) :
A real function f is said to be continuous if it is continuous at every

: point in the domain of f. For eg: The function f (x)= _, x # 0 is continuous :
Let 'C' be any non-zero real number, then hmf(x)hm— L .For c=0, f(c)— -So llm 1 f(x)= f(c) :

: and hence f is continuous at every point in the domam of f.

ESupposefis a real function and cis a
i :

dl:ﬂd_" o d—yzﬁ(ﬂyeﬂ)
dt dx'dt  dx dx\at

ipoint in its domain. The derivative of

Efatmsf (©)= hm—f(c+h) f()

h—0

Derivatives of
functions in
parametric

form

Then,

‘Every differentiable functlon is contmuous
Continuous

Function

Jhu S :but the converse is not true.

dx f'(t)
3 For eg :if Xx=acosH, ¥ = asin6 then & =—gsinfand
dy dy _dy/d® _ _ acosd

—~ =qcos0,and so —= -
1 do dx dx/d0  asin®

dy _g (f)l:provxded f (t):t 0]

: Su})pose fand g are two real functions
: continuous at a
 real number ¢, then, f+g, f-¢, f.g and

=—cot0. Differentiability

£ are continuous at x=c (g (c)# 0).

P etyv=flx)then®Y — £'(x)if F() is
iLety f(-\)thtndx f(x)lf} x) is :

differentiable, then — — (E
3 x (dx] = e
iy
dx*
Foreg:ify = 3x°+2, then y'= 6x and y"= 6.

= f"(x)is the second order derlvatlve of y w.r.t. 1

Second order
H derivative

Algebra of
continuous functions

Continuity and

if f : [a,b]—> Ris continuous on [z, b] and : [ reles | Differentiability

’ eorem
differentiable on (a, b). Such that f(a)=f( b), Lth
then 3 some cin (g, b) s.t. f'(c)=0. o

Some Standard
derivatives

Mean Value theorem

if f : [a,b] > R continuous on [, b] and ; 1ff—vou $=u(x) and if both ﬂ do st fhen df _do ﬂ
: differentiable on (g, b): f(6)- (@) dx” dt dx dt dx
3 T 5 someee in (a’ b) B ch thatf'(c)= 1 RV~ - e N

Logarithmic
differentiation

E e.g Let f(x) =x defined in the interval

i [2,4]. Since f{x)=x* is continuous in [2, 4]
5 and differentiablein (2, 4) as f '(x)=2x
3 deﬁnedin(Z 4). So,

f()—f(") @) 1624 ¢ c(2,4)

Lety f(x) [u(x)]u(\
- logy = v(x)log[u(x)]

F—— O]

a Clre 1 i 4 1 ; :
 OgE s Ol By 2O ey o (e Yog[u(r)]
e 1 ol 1 u'(x)+0'(x)log| u(x
(ul)a(tanlx)=1+x2 (IV)E(COt x):_1+x2 u(x)
: 1y 1 ; 1 §Foreg Lety = aThenlogJ/—xloga
(v)5-(sec X )J=——= (vi) cosec X )= ————: :

¥ ( ) e Y d( ) N l é-z_loga

(vn)—(e‘ =e* (vm)d—(logx)—— Y dx
................................................ eeeeeeeeeresesssosssneeeeon S dy

id——yloga a loga
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Important Questions Jute's He
Multiple Choice questions-

1. The function

F(x) = {&:I +cosx, if x#0
k , ifx=0
is continuous at x = 0, then the value of ‘K’ is:
(@) 3
(b) 2
()1
(d) 1.5.

2. The function f(x) = [x], where [x] denotes the greatest integer function, is continuous
at:

(a) 4

(b)-2

(01

(d) 1.5.

3. The value of ‘k’ which makes the function defined by

£ = s'm% , if x#0
k , if x=0,

continuous atx =0 is

(a) -8

(b) 1

(c) -1

(d) None of these.
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4. Differential coefficient of sec (tan! x) w.r.t. x is P

(a) —=
1,r]. —.l.'2

(b) —=

142

(c) X4/ 1+ HJE

1
O =

1-x,
1+x,

5.1fy=log (

dy .
) then d—z is equal to:

478
d
(a) —

IFy= gsin:&: + 4, then % is equal to

COET
(a) 21

COST
) 1=,
SITLT
1-2y
[[j:l ST

2y—1

7.1f u =sin-1 (12+—);) and u = tan-1 (12—2) then j—i is
2 A2

(a)12
(b) x

1-x2

(C) 1+x2

(d)1

d2y .
8.Ifx=t*y=1t3 thend—szl is

(a)
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(b) e
()=
(d)=

9. The value of ‘¢’ in Rolle’s Theorem for the function f(x) = x* - 3x in the interval [0, V3]
is

(@)1
(b) -1

()2

(d)+

10. The value of ‘c’ in Mean Value Theorem for the function f(x) =x (x - 2),x € [1, 2] is
(a)

()=

()5

(d)>

Very Short Questions:

1. If y =log (cos ex), then find % (Delhi 2019)

2. Differentiate cos {sin (x)z} w.r.t. x. (Outside Delhi 2019)

3. Differentiate sin?(x?) w.r.t. x2. (C.B.S.E. Sample Paper 2018-19)

4. Find %, if y + siny = cos or.

v =sin~} A _o0z2) -1 -~ 1 —
Ify = sin (ﬁmyl 9z )= 33 o e 33 then find .
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6. Is it true that x = elogx for all real x? (N.C.E.R.T.) P
7. Differentiate the following w.r.t. x : 3x+2. (N.C.E.R.T.)

8. Differentiate log (1 + 0) w.r.t. sin10.
9. If y =xx find &,
dx

10.

/
Ify= \,,f 2T + /25 + 2T+ ... + 000 then prove that: (2y - ’Ij:—: =2%log 2.

Short Questions:

1. Discuss the continuity of the function: f(x) = |x| atx = 0. (N.C.E.R.T.)

2. Iff(x) =x + 1, find % (fof)(x). (C.B.S.E. 2019)

cosx—sinx

3. Differentiate tan-1 ( ) with respect to x. (C.B.S.E. 2018 C)

cosx+sinx

4. Differentiate: tan'! (

1+cosx
si

) with respect to x. (C.B.S.E. 2018)

nx

5. Write the integrating factor of the differential equation:
(tan'ly -x) dy = (1 +y?) dx. (C.B.S.E. 2019 (Outside Delhi))

5412 \;"'1 —r?

) dy . N o e = e e
6. Find % if y = sin”! [ 13 ] (Al.C.B.SE. 2016)

o dy . i
7. Find Ey if v = sin

fz—4,/1—4z?
L {ET”I] (ALC.B.S E.2016)

8. Ify = {x + V22 + a?}", prove that % = =7

1\,." .Eﬂ +E!.2

Long Questions:

1. Find the value of ‘a’ for which the function ‘f’ defined as:

I
asin—(x+1),x<0
x) =
f&) tan x - sin x

3 *
X

x>0
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s continuous at x = 0 (CBSE 2011) Tutmne s

2. Find the values of ‘p" and ‘q’ for which:

[ 1—sin’x

T HI{E
3cos’x 2

. n

P if x= E

q (1 - sin x) n
—,ifx>—.
(- 2x) * 2

is continuous at x = 2 (CBSE 2016)

3. Find the value of ‘K’ for which

Vithe —VI-kx o0 oy
X
fix) =
31"'11 if0<r<1
x—

is continuous at x = 0 (A.I.C.B.S.E. 2013)

4. For what values of ‘a’ and ‘b\ the function ‘f’ defined as:

dax +b ifx<l1
fx) = 11 ifx=1
Sax -2bif x>1

is continuous at x = 1. (CBSE 2011)
Assertion and Reason Questions-

1. Two statements are given-one labelled Assertion (A) and the other labelled Reason (R).
Select the correct answer to these questions from the codes(a), (b), (c) and (d) as given
below.

a) Both A and R are true and R is the correct explanation of A.

b) Both A and R are true but R is not the correct explanation of A.
c) Aistrue but Ris false.

d) Ais false and Ris true.

e) Both A and R are false.
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Hx) Ixisln:. i l. x =0 FJutund's Hoy
| XK=+ x
- | 8] = . .
Assertion(A): - *=* is continuous at x = 0.
(1% -
ginl — |,x=0
gix)=¢ lxJ

I =0 .

Reason (R): Both h(x) = x?, - % 7Y are continuous at x = 0.

2. Two statements are given-one labelled Assertion (A) and the other labelled Reason
(R). Select the correct answer to these questions from the codes(a), (b), (c) and (d) as
given below.

a) Both A and R are true and R is the correct explanation of A.

b) Both A and R are true but R is not the correct explanation of A.
c) Aistrue but Ris false.

d) Ais false and R is true.

e) Both A and R are false.

fi'_:\-:':=<?’|x|_ '\Il__|x: x =0

| sinx x=<D

Assertion (A): The function is continuous everywhere.

Reason (R): f(x) is periodic function.
Case Study Questions-

1. If arelation between x and y is such that y cannot be expressed in terms of x, then y is
called an implicit function of x. When a given relation expresses y as an implicit

d
function of x and we want to find d_Z’ then we differentiate every term of the given

relation w.r.t. X, remembering that a tenn in y is first differentiated w.r.t. y and

A dy
then multiplied by A

Based on the ab:ve information, find the value of d—z in each of the following questions.
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X + %%y + xy? +y3 =81 Juturds Koy

(32 +2xy+5°)
X2+ 2xy+3y2

—(3x*+2xy+¥°)
x2 4 2xy+3y2

(33 +2xy—¥°)

x2—2xy+3y°

3x2+xy+}f2
2 +xy+3y°

ii. x¥ = XY
vy
a (1+log x)

b =Y
- (1+log x)
c — =

x(1+log x)

Xy
- x(1+log x)

i Y = xy

-y

a ————

x(ycosy—1)
¥y
Cyveosy—1

c — 3%
Cyeosy+l

¥y
" x(ycosy—1)
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2 Futund's Koy

v.sin”x + cos’y =1

sin 2y

sin 2x

sin 2x
b. — sin 2y

sin 2y
sin 2x

c. —

sin 2x
d sin 2y

vy = (\/‘f)qgc‘f’i...oc
5

- x(2—ylogx)

y_Z

" 24y logx

Fi

x(2+y log x)

Fi

d x(2—ylog x)

1. If y = f(u) is a differentiable function of u and u = g(x) is a differentiable function of x,
dy _ dy | du
then y = f(g(x)] is a differentiable function of xand dx =~ du " dx " This rule is also
known as CHAIN RULE.

Based on the above information, find the derivative of functions w.r.t. x in the following
questions.

i cos /X
— sin /x

a. 2/x
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i T Fuluacs
©—1 1
5 (T) T L log T
w41 1
b (%) T E L log T
-1 —1
c (?)?x : . log7
©+1 ~1
d (%)7“ : - log7
l1-cosx
- l+cosx
1.9
a 3 5ec %
1.9
b — 3 sec %
2
C. sec %
2
d — sec %
iv %ta]l ! (%) + %ta]l_l (%)
1 1
% et TS
b1 1

x2+b? x*+a?

1 1
Cx2+hb? x2 a2

d. MNone of these.
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v.sec 1 x + cosec ! — Tutanes oy
V-1
a. IE
V-1
h =2
' \fxg—l
LS
- x|y/x -1
2
d. - —
x| y/x* -1

Answer Key-
Multiple Choice questions-

1. Answer: (b) 2
2. Answer: (d) 1.5.
3. Answer: (d) None of these.

4. Answer:

7. Answer: (d) 1
8. Answer: (b) 2

4t
9. Answer: (a) 1

10. Answer: (a) %

Website - www.fukeyeducation.com, Email :- fukeyeducation@gmail.com (23)



05 CONTINUITY & DIFFERENTIABILITY .'j;iﬁ-%

Very Short Answer: Jutures Koy
1. Solution:
We have: y = log (cos €¥)

N |
T dr T coSef

I

(—sine®)-e
= - eXtan e*

2. Solution:
Lety = cos {sin (x)?}.

% = —sin {sin (x)32}. % {sin (x)%}

= - sin {sin (x)2}. cos(x)? % (x?)
= - sin {sin (x)?}. cos(x)?2x
= -2x cos(x)? sin {sin(x)?4}.
3. Solution:
Let y = sin2(x?2).

% = 2 sin (x2) cos (x?) = sin (2x2).

4. Solution:
We have: y + sin y = cos x.

Differentiating w.r,t. X, we get:

d d .
—y+cosy.—y:—smx
dx dx

dy__ .
(1+cosy) = -sinx

dy sinx
Hence, — = -
dx 1+cosy

wherey # (2n+ 1)m, n € Z

5. Solution:
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Herey = sin” {ﬁmm) Futunds Koy
Put 3x = sin 0.

y = sin! (2 sin 0 cos 0)

=sin’! (sin 28) = 26

=2 sin1 3x

6. Solution:
The given equation is x = elogx
This is not true for non-positive real numbers.
[ Domain of log function is R+]
Now, let y = elogx
If y > 0, taking logs.,
log y =log (el°ex) = log x.log e
=logx.1=logx
>y=X
Hence, x = elogx is true only for positive values of x.
7. Solution:
Lety =3x+2,
% = 3x+2 Jog3. % (x+2)
= 3x+2 log3.(1 + 0)
= 3%*2, log 3 =log 3 (3x+*2).
8. Solution:

Lety =log (1 +0) and u = sin-16.
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. ﬁ:L ﬁndfﬂz .

‘ e (3] 1+8 do ||1_92 ‘
dy  dylde
du ~ duld®

Future's Koy

9. Solution:
Herey =x*...(1)
Taking logs., log y = log x*
= logy = xlog x.
Differentiating w.r.t. x, we get:

dy _

=X 1x + logx. (1)

< Ir

=1+logx.
Hence, % =y (1 +log x) dx
=x* (1 +log x). [Using (1)]

10. S
olution:

The given series can be written as:

y=4/2"+y

Squaring, y2 = 2x+y
> y2-y=2x

Diff. w.r.t. x, (2y -1) 2 = 2xlog 2.

Short Answer:
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1. Solution: Tutmne s
—x, ifx<0
By df:ﬁnitinn,f(x}z{ * _lfx:ﬂ
x ifx=0.
lim .
I—lﬂr f(x} - x]in;_ {__x.}
_ lim (—=(0=h))
=~ h-=0
= lim (h) =0.
Im fx) = lim (x)
x—=0" =07
= lim 0+h)
= Pﬂ{h} =0.

Also A0 = 0.
Thus lim_ fxy= M f(0=7(0),
[ Each = 0]
Hence ‘f’ is continuous at x = 0.
2. Solution:
Wehave: f(x)=x+1 ..(1)
=~ fof(x) = f (f(x)) =f(x)+ 1
=(x+1)+1=x+2.

fe-(fof)(x)) == (x+2)=1+0=1.

3. Solution:
fcosx—sinx
Let y=tan”'| ————=
cosx+sinx

-[an'] ]."tﬂn.r
- 1+ tan x

[Dividing num. & denom. by cos x]
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e {ofo) £
4 4
Differentiating (1) w.r.t. x,
“di 1
= i
4. Solution:
(1+cosx
Let y = tan” .
\ sinx
( 2cos’ =
= tan” X x
2sin — cos —
\ 2
¢
LY
N [ x]] T
= tan” [tan|=-=|| = ===
L 2 2] 2 2
s ﬁ = (- 1 =- 1
dx 2 2
5. Solution:

The given differential equation is:

(tanly-x)dy=(1+y?)dx

z  ftan!
1+y? | 4 1+y
: tan 'y

=z Y |inear Equation
dy 2

[

dr
~lF=e ! =e

6. Solution:

We h Ty = sl
e have : y 3

- [5,1: +124/1- 47 J
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&
Futurds Hoy

(Note this step)

12
= sin™ x + sin 13

[ siu‘fA+ sin"'H = sin” (A1 -B® + B\1-A%)]

+0= [x|<:l
dt 1-x°
7. Solution:
. | 6x = 41 —44?
We have ; y = S 5
(
= sin™ %E- %-ﬁ'l —-4x )
\

'
_ sin™ {2x),%— % NI (Zx)’]
%
( 2
(2x) 1—[§] - [i)\h—(h}z]
\

sin
5

= sin” (2x)-sin™ %

__._ ()0 = e
Hence, r—l a0 f_

8. Solution:

y={x++x2 a2} (1)
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. i {;q:+'|u'.1¢2 +a2}
dx
= n{x+\1x2 +H2 }NH.

1
[IF ‘”*‘”]
2 F
_ {x+m}u—] \IIJ.’ +d +X
=n Pt
n{.x+\||':rz+ﬂ2}“ ny

Vi +ad? St +at
[Using (1))

which is true.

Long Answer:

1. Solution:
lim f(x) = lim asin—(x+1)
'l.-]-tr!l]-l *) = x=ll" I 2

n
= }Ei_{réasinE(ﬂ—h +1)

., T
asm-z—(ﬂ—ﬂ+l]

Fr
= asmE =g.l=a

tan x — sin X
3

lim f(x) = lim

x=+0" x=0" X
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tan (0 + h) —sin (0 + h)

) i 1 Future's Hoy
=D 0+ h)y
. tanh—sinh

= lm ————

3
h—0 .

sinh l=cosh 1

lim

1l

W0 h W cosh
h
sin A 2sin’ —
= lim lim 2

b= h k=0 hl

1

.lim

=0 cos ki
Rin'l1 2
1. {72 1
- IE}II_I‘I& h | cosO
2
151 1
= ]_ 1 o= T
2{) 1 2

Also f(0) =asinm/2 (0+1)
=asinmt/2=a(1)=a

For continuity,

lim, o f(z) =lim, o+ f(z) = f(0)
=sa=1/2=a

Hence,a =%

2. Solution:
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lif?_ f(x) = lim

o

1-sin’ x
=~ 3cos’x
2

T
1-sin’| = ~h
sin (2 )
h—=0 T
3 cos’ —-—h)
COs (2

1-cos’ h
m
=0 33in“h

X

i
5.

o (1-cos h) (1+ cos® h + cos h)
T k=0 3(1—cos h)(l+cos h)

ml+<:os2h+cosh
= 40 3(1+cosh)

1+1+1
3(1+1)

B | =

lim f(x) = fim g (1 -sinx)

X

il

= (1 —2x)*

-
2

o[ (5]

b z
[:E—Z[E +h]]
2

. q(l——cmh]z
h=0 (ff — 7T = 2h)

- h
mq(l cos h)

4h*
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Alsof(3,)=p o
For continuity ]iﬂlI_}rT f(m} = ]jm.':—i';-; f(m)

=f:j%,]

0 | w

1_49._
2}2— |

Hencep=1/2andq=4

3. Solution:

. kx —+/1—kx
lim £(x) = fim LT Ax =Y
=0 =) X

_ tim (V1+kx = 1=k )1+ kx +1-kx)
= x(1+kx + 1= kx)

[Rationalising Numeraror)

(1+ ko) = (1 = kex)

=lim ———
=0 x(y1+kx +1-kx)

= lim 2hx
"0 x(\1+ kx +1-kx)

[vx#0]

_lim 2k
=0 1+ kx + /1= kx

fim F0) = fim 255 20+
520" 00 x—1 40 (0+h)—1

I

2(00+1 1

— =1

0-1 -1

E(ﬂj+1: 1

—:—1

0-1 -1

Also f (0)

For continuity lim,_,g- f(z) = lim,_,g+ f(z) = f(0)

>k=-1=-1
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Hence k=-1 Fulas Ky
4. Solution:

limy-1 - f(x) = limx-1 - (3ax +b)

= limn-o (3a (1-h) + b]

=3a(1-0)+b

=3a+b

limy-1 + f(x) = limx-1 + (5ax - 2b)

= limp-o [5a (1+h) - 2b]

=5a (1+0) - 2b

=5a-2b

Also f(1) =11

Since ‘f’ is continuous atx =1,

= limyst = f(x) = limxs1 + f(x) = f(1)

= 3a+b=5a-2b=11.

From first and third,

3a+b=11......... (1)

From last two,

B0 - 210 1 B .. B (2)
Multiplying (1) by 2,
6a+2b=22 ..cceunen (3)

Adding (2) and (3),
11a =33

=>a=3.

Putting in (1),

3(3) +b=11
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=>b=11-9=2. P

Hence,a=3 and b = 2.
Case Study Answers-
1. Answer:

— (3 +2xy+37)
x>+ 2xy+3y°

i (b)
Solution:

— 32 —|—X2% + 2xy + 2@% —l—yg +3y2% =0
= (x2 —I—Z)Q;r—l—33{2)::{—3’r = —3x2 — 2xy — y°

dy  —(3F+2xy+y?)
dx x242xy+3y°

, X—y
- () x(1+log x)

Solution:
X =e"Y=ylogx=x—y

}rx%—l—lﬂgx'?—‘i:l—?—‘i
i%[logx—l—l]zl—%

dy  xvy

— e x[itlog ]
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(d)

¥y

(@) x(y cos y—1)

Solution:
eSiY — xy = siny = logx + logy

dy d dy
Z?’CDS}'d ———l—l—}r:‘;*a[cosy—%

dy y
i dx x(y cos y—1)

sin 2x
sin 2y

Solution:

sin?x +cos’y =1

}:

= 2sinxXcosx + 2{:05}'( —siny%) =0

dy _ —sin2x _ sin2x
B dx =~ —sin2y ~ sinZ2y
' x(2—y log x)
Solution:

y = (VE) X =y = (V)
=y =y(log y/x) = logy = 3 (ylogx)

d d
- 13—y Eogx(2))
¥yJ1 1 _ 1%
a{; —Elﬂgx} = 3%
-y y

dx 2x (2-ylogx)  x(2-ylogx)

2. Answer :
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I (a) — Zi::iﬁ Juture's Koy
Solution:
Let Y = COS /X
= a (cosyX) = —sin X - 1 (VX)
— —sln /X X ?j& = _;i:;i

i {a;.(f 1) % . log 7

Solution:

1.4 1
ety =7%"% - 35 = i(?ﬁx)

i(x—l—]—t) — s -log'?»( —xig)

— (i;l) .73 L log T

— 7% . log 7-

iii. (a) %se«:2 3

Solution:

1-1+2sin? =
l—cosx 2 b
Lety = \l.-' 1+cosx \/Zcus 5 —1+1 g'an (2)

X __
-:lx = sec’ 2
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: 1 1 :
iv. (b) 25 + i Futurds Koy
Solution:
_ 1 -1 [ x 1 -1 x
Let y = ¢ tan (h) + < tan (a)
d
LE=i xS xi+ixtx2
x 14+ = 1+ X
b2 al
_ 1 1
x4 b? ™ x*+a’
2
x| /%21
Solution:
ety = sec ! x + cosec | —=—
\/:{?—1
PutXx =sech = @ =sec 1x

“ v o= -1 —1f__ sec®
.y =sec (secf) + cosec (Jseciﬂ—l)

— 01+ sin | [v’l — cos? 9}

— 9—|—sin_1(5in9) —0+0=20=2sec 1x

dy d -1 1
- =2--(sec "X)=2 X ———

dx d_x( ) jjs/2—1
pm— L—
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