MATHEMATICS

Chapter 2: Inverse Trigonometric Functions
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INVERSE TRIGONOMETRIC FUNCTIONS Fulincs Ty

1. The domains and ranges (principal value branches) of inverse trigonometric functions are

given in the following table:

Functions Domain Range (Principal Value Branches)
. [—m 7]
Vo= 5in % [-1,1] |57 |
y=cos 'x [-1,1] [ 0.7]
. [—m |
v =cosec X R-[-1,1] | =
L2 21 ¢}
=1 ‘IT
¥v=sec X R—[—1, 1] [[:"T]—{:}
. [ mm
y=tan " x : | 22
y=cot"x R [0.7]

2. sin"Ix should not be confused with (sin"Xx). In fact, (sin x)~! = And similarly for

sinsin x

other trigonometric functions.

3. The value of an inverse trigonometric functions which lies in its principal value branch is

called the principal value of that inverse trigonometric functions.

4. For suitable values of domain, we have

Website - www.fukeyeducation.com, Email :- fukeyeducation@gmail.com (1)



INVERSE TRIGONOMETRIC FUNCTIONS }ukg’,{
02 —o‘!!o

_ 1 Futund's Hoy
@ X = siMV=y = 5K X

® sin (sin_" X)=x
o sin™’ (sin x)=x

e . -1 -1
s1in —=Cosec X
X

o cos™t (—x)=?[—cus_;x

° -1 -1
Cos —=5eC X
X

o I:Dt_-'[—};) =T—cot " x
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=1 =1 ml
® tan - (—x)=—tan X s

e tan x+cot x =

ka2 =

cosec (—x)=—cos ec x

T

e COSEC X+sec X =—
2

e S X+cCos x=

ra| =

cos "z + ocosly = cos?! (J;y— \/1—;1.'2\/1—_1;2)

—1 _ 1Xx+v

° tan "x+tan " v =tan .
I—xv
—1 _ _1X—%V

° tan "x —tan ~v =tan -
1+xv

;r-l-y-l—z—;ryz)

tan~'x + tan "'y +tan 'z = tan~! (1
Y, —yE 2T

9sin~1z = sin~? (2;-:1,.:"1 _ ;-,-2)

2cos~1xr = cos™?! {:2;1:2 - 1}

_ . 2x _ .2
cteein (1) < (f55) e ()

Jsin~'z =sin~! (3zr — 427)

3cos 1z = cos™! (4.:3 — 3:.,-}

.3
3tan 'z = tan—! (3I i )

1 — 322
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5.

Conversion:

-1 R -1 =y
. 1 _1 2 tan = ¢ot = gar =008 e —
sin” " = oS 1—2x2- — x? T 1— 22 x
¢ —1v/1 — 22 (-1 T 11 4 1
. arn = 0 =8eC — =0C0SEer
cos lxr =sin 1yl — x2_ T — 2 T — 52

- Wi 2
tan  x = sin~ cos = sec 14/1 4 22 = cos ec l+z =oot‘1£
1+I2: 1+I2 T T
-1 1 -1 T 1 114+ 22
tu = in—! — _1_ = — —1 1 2
RSV P RV v Rl > eovite
- = 1 ) 21 -
sec 'z =tan-1YZ 1 cot — sin ! ~ £OS 11 — cosec t——
]. = .‘I-'z—]. I I T —]_
-t 11 tan” t—1y/x2 — 1 sec | = cos—1 z? —
— Mt al [ e = = =
COS ec & = 511 T 2 1 2 — 1 T

—1 T _
tan —gin 12
al—x @
-1 xr xr
cot =cos—1Z
2 _ 2 a
-1 a T
tan =cosec 12
22 — o2 a
-1 L xr
cot —=sec— 12
22 _ o2 a
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Chapter- 2: Inverse Trigonometric Functions

Class : 12th Maths Futurd's Joy

(i) y = sin™x. Domain = [-1,1], Range =[—g,
(ii) y = cos™'x. Domain = [-1,1] Range = [0, 1]

(iii) y = cosec”x. Domain = R—(-1,1), Range =

(iv) y = sec'x. Domain = R—(-1,1), Range = [0, 7]

)

T T

(v) y = tan"'x. Domain = R, Range = (_E'E

(vi) y = cot'x. Domain = R, Range = (0, x).

Domain and range of
inverse trigonometric
functions

Some important
relations

sin™x # (sinx)™.(sinx)™

and same for other

sinx
trigonometric functions.

: () sin: R — [-1,1]

(ii) cos : R — [-1,1]

(iii) tan : R—{x ix=(2n+ l)gin S Z} —>R
(iv)cot: R—{x:x=hn,neZ}—> R

(v)sec: R - {x:x=(2n+1)g,neZ}—>R—(—1,l)
(vi) cosec: R—{x:x = hn,neZ}— R—(-1,1) :

Trigonometric
functions

: The range of an inverse ;

itrigonometric function i
iis the principal value':
§branch and those valuesg
gwhich lies in the principalé

¥ Inverse . ivalue branch is called the
Trlgonor_net”c : principal value of that inverse :
Functions : :

: trigonometric functions.

Graphs of trigonometric
functions and inverse
trigonometric functions

Principal Value branch
and principal value

(i) y = sin"x = x = siny
! (iii) sin(sin™x) = x

: (i) sin(

. - 1 5

: (v)sin — =cosecy
. 1

+ (vii) cos ;=sec b

: 1
i (ix) tan™ % —cot: x

(ii) x = siny = y = sin"'x
(iv) sin™'(sinx) = x
(vi) cos™ (=x) = m—cos™x

(viii) cot™(x) = m — cot™'x

(x) sec’(=x) = m —sec x

(xi) sin”'(—x) = —sin”'x (xii) tan™(=x) = — tan"'x
b = = us b1 =i
i (xiii) tan”x + cot™x ) (xiv) cosec”x + sec'x = 5 = v
: Y
: S 2x
i (xv) tan"x + tan'y = tan™ : (xvi) 2 tan™x = tan™ 5
: ==ty =
: . - 2 a XY 2x 1+x?
§ (xvii) tan"x — tan™y = tan” > (xviii) 2 tan"x=sin" =cos”
: 1+xy ( ) x? 2
il

: 1
For eg : to find the principal value of sin™ (Ej,]et sin™ ($)= Y,

V2
L

V2

:=>siny =

: . T
: and sin —=
: 4
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Future's Koy

Important Questions

Multiple Choice questions-

Tx +cos™ A

1. If"sin'1 X + sin™ y = 23i then the value of cos
(@) 2
(b)
)
)

(c

IO RS

(d

2. tan™' (V3) - sec(-2) is equal to:

(a
(
(c

(d

Fﬂl

(=)
WIza

)
) -
)
)

slty I

-

'y —)Is equal to

3. cos™ (cos

=]
=

(a
(b
(c
(d

e !

l._._l

)
)=
)
) &

|=1 r~=-~-"|:‘-1

4.sin(g - sirﬂ(-%)} is equal to

w

M

— —— —— ——
L -

S e L o
i e e e
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5. tan V3 - t:Dt'1(-‘w"3] Is equal to Futurds Koy
(a

)
(b)
)
)

=

_m
2

(c)O

(d) 2V3

6. sin (tkan™' x), |x| <1,1s equal to

&I
A =

7. sin™ (MT-x)-2 sin” x = % then x Is equal to

1
(3) O, o
1
(b) 1, o
(c) O
1
(d) 5
-1 —-Y.
8. tan {y} tan’ Ty Is equal to
(a

a2 o g
S E R EREE

a
0]
3

i
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9. The value of sin” (cos{ 43’”}} IS Futurds Koy

(3) 3T
(b}
(c) 1—:'3
(d) -

—Tm

10. The principal value of the expression
cos™' [cos (-680°)] is

(a) 27
(b) 2~
() 22X
(d) -5
Very Short Questions:

1. Find the principal value of sin-1 (%)
2. What is the principal value of:
cos-1 (cos 2?“ + sin-1 (sin 2?ﬂ)?

3. Find the principal value of:

tan'! (V3)- sec! (-2). (ALC.B.S.E. 2012)
4. Evaluate: tan! ( 2 cos (2 sin! (%)))
5. Find the value of tan(v/3) - cot'1(-v3). (C.B.S.E. 2018)

6. If sint (%) + cost x =7, then find x. (C.B.S.E. 2010C)
7. If sec! (2) + cosec! (y) = g, then find y.

8. Write the value of sin [g -sin1 (- % )]
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9. Prove the following: P
Cos [sin" 3 4 eot™! E] -5
5 2) 513

10. Iftan!x +tanly = E, xy < 1, then write the value of the x + y + xy (A.I.C.B.S.E.
2014)

Short Questions:

1. Express sin!

{ sin x+cos x ]
9
v

TT ™ .
Where - L <x<,in the simples form.

2. Prove that:

cos ! % +gin ! % — sin~ ! % (A1.CBSE. 2019; C.B.S.E. 2010)
3. Prove that:
sin! & +cos1 4 = cos 38 (A1.CBSE 2019)

4. Solve the following equation:
tan* (i_j) +tan™ (m—;l) = tan~'(—7) (A1.CB.SE 2019 C)

5. Solve the following equation:
2 tan”'(sin x) =tan™ (2 sec X), X F % (CB.SE (F)2012)

6. Solve the following equation

cos (tan” x) = sin ( cot ™

| ol

_]
(ALC.B.S.E. 2013)

7. Prove that

(=1

3cos x=cos (4x3 - 3x), x €]

Long Questions:
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1. prove that Fulas Ky

2. Find the value of:
~1( = -1 Y
tan (E) — tan (m)
3. Prove that:

STy - l -1fl‘ —
tan"(g)+tan” (¢ )+tan’(3g)=

b | =

(3 (57)=5
2sin [5 tan 31 e

Assertion and Reason Questions:

1. Two statements are given-one labelled Assertion (A) and the other labelled Reason
(R). Select the correct answer to these questions from the codes(a), (b), (c) and (d) as
given below.

a) Both A and R are true and R is the correct explanation of A.

b) Both A and R are true but R is not the correct explanation of A.
c) Aistrue but R is false.

d) Ais false and R is true.

e) Both A and R are false.

Assertion(A): A relation R ={(1, 1), (1, 3), (3, 1), (3, 3), (3, 5)} defined on the set A =
{1,3,5} is reflexive.

Reason (R): A relation R on the set A is said to be transitive if for. (a, b) €R and (b,
c)ER, we have (a,c)eR.

2. Two statements are given-one labelled Assertion (A) and the other labelled Reason

(R). Select the correct answer to these questions from the codes(a), (b), (c¢) and (d) as
given below.
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a) Both A and R are true and R is the correct explanation of A.

b) Both A and R are true but R is not the correct explanation of A.
c) Aistrue but R is false.

d) Ais false and R is true.

e) Both A and R are false.

Future's Koy

Assertion (A): A relation R = {(a,b):]a-b| < 2}defined on the set A = {1,2,3,4,5} is
reflexive.

Reason(R): A relation R on the set A is said to be reflexive if for (a,b) €R and(b,c)€R,
we have (a,c)€R.

Case Study Questions:

1.

Two men on either side of a temple of 30 meters high observe its top at the angles of
elevation a and 3 respectively, (as shown in the figure above). The distance between

the two men is 40v/3 meters and the distance between the first person A and the temple
is 30v/3 meters. Based on the above information answer the following :

(i) ZCAB )

R
|

A) sin !

B) sin

NI IS

19

D) sin (

o —

C) sin

—
[
S

)
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(ii) ZCAB —

A) cos

=

B) cos

Gl o =R
] S—e—e—’ e~
S—

[

o, e, o, |

C) cos

[S=1

D) cos

O | W 'g|{ﬁ

(1) /BCA
A) tan !

Py
| = &

"‘-—-"t.\:,

B) tan ' (2

o (3
D) tan ' (v/3)

(1v) 4AWBC —
A)

2

° @
Wiy oY oS
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(V) Domain and Range of cos lr =
A) (_]-1 1)1 (01 TT)

B) [—1, 1], (0, m)
C) [—1, 1], [0, 7]

T

o1 53]
2. The Government of India is planning to fix a hoarding board at the face of a building
on the road of a busy market for awareness on COVID-19 protocol. Ram, Robert and
Rahim are the three engineers who are working on this project. "A" is considered to be
a person viewing the hoarding board 20 metres away from the building, standing at the
edge of a pathway nearby. Ram, Robert and Rahim suggested to the firm to place the
hoarding board at three different locations namely C, D and E. "C" is at the height of 10
metres from the ground level.

For the viewer A, the angle of elevation of "D" is double the angle of elevation of "C".
The angle of elevation of "E" is triple the angle of elevation of "C" for the same viewer.
Look at the figure given and based on the above information answer the following :

E

A 5m A 20 m B

(1) Measure of Z/CAB =
A)tan ' (2)

(1
B) tan (2)

C)tan ' (1)
D) tan ' (3)

Website - www.fukeyeducation.com, Email :- fukeyeducation@gmail.com
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(1) Measure of ZDAB = Jutunds Hey
A) tan ' >
an »
4

B) tan ' (3)

4
_1 -
C) tan (3)

D) tan™ ' (4)

(111) Measure of ZEAB =
A) tan ' (11)

B) tan '3

C]ta,n_l (3)
11

(11

D) tan (E)

(iV) A' is another viewer standing on the same line of observation across the road.
If the width of the road is 5 meters, then the difference between ~CAB and ZCA'B is

A) tan ' (1/2)

B]t i
C)t 2
) tan E
D)t 1
) an ﬁ
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(V) Domain and Range of tan 'z = Tutanes oy
A)R_ (_E E)
"\ 27 2
T
BR, (—5:5)
) 2 2

o (5.%)
5, 0.3)

Case Study Answers:

1.
(i) (b)
Solution:
B
30
a B
A 303 »Re— 103 — ¢
< 40/3 >
AB? = (AD)*+ (BD)? = (30v/3)° + (30)
— 2700 4+ 900 = 3600 = AB =60 m
_ BD 30 _1_ . (1
sl ¥ —= = = — 0 — 51N —
AB 60 2 2
(ii) (c)
Solution:
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B

30

L B
3003 »Re—10/3 —

403 >

AB? = (AD)? + (BD)? = (301/3)” + (30)°

A A

— 2700 + 900 = 3600 = AB =60 m
AD 30+/3 3 3
— f:{j&:tan_l(é)

COS x =

AB 60

(iii) (d)

Solution:

— e
303 >Re— 1037 —>

03

AB% —[(AD)> 1 (BD)? = (30/3)" & (30)
— 2700 + 900 = 3600 = AB = 60 m

BD 30 3 _
tanﬁ:DC: 10\/§: \/E:\/g:;- B =tan ' (/3)

(iv) (c)

Solution:
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B Futune's Hoy

.f’f\
e - \

yd 30 \
/( By

AS— =5 C
[ -H}‘_q — :”.rl.: —

403

AB? = (AD)? + (BD)? = (30/3)* + (30)?
— 2700 + 900 = 3600= AB = 60 m

1 )
sin @ = 5 — a=230"; tan3 = /3

= B=60° . |ABC +a + = 180°

= [ABC + 30° + 60" = 90" = —

po | N

(v (c)

Solution:

30
el | I

" 307 ——aRe—10/3 —

- -Hjlﬁ o

AB? = (AD)? + (BD)? = (303)” + (30)*
= 2700 + 900 = 3600 = AB =60 m

ofcos 'z = [—1,1] Rangeofcos 'z = [0, =]
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(i) (b)
Solution:
Let| BAC = a and | BA'C = B . | BAC = 2«
10

and | BAE = 3ain ABAC tana = — = 1
- 20 2

1
— o = tan * (—)
2

(i) (c)

Solution:

2 tan o 2 X 3

e . 112

1 —tan“« 1_(5)
1 = 4
= — =— " 2a=tan ' | =
% 3 3

(iii) (d)

We know that tan 2a =

Solution:
3tana — tan?a . 3 X 3 — (l)g
Also tan Ja = AV . — 2 ) 22
— Jtan“« St 3(5)

3 1 11
3 — R 3 11 11

=2 >2=2 = 7 = 3a = tan ! (?)
e

(iv) (b)

Solution:
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tana — tan 3 —
tan (a — ) = — 1
1+ tan atan g 1+ 3

bD | =

X |en|bs

2
5

12 1 ~ AB 25

(v) (c)

Solution:

% (-53)
27 2
Answer Key-
Multiple Choice questions-

1.Answer: (b) %

2.Answer: (b) —%
3.Answer: (b) —5%
4. Answer: (d) 1

5.Answer: (b) -

S

T
V1422

7.Answer:(c) O

6.Answer: (d)

8.Answer: (c) g

9.Answer: (d) —I—g

10. Answer: (3) "%ﬂ

Very Short Answer:

1. Solution:
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sin 1 (4) = § € [-5, 3] e

Hence, the principal value of sin™ % ) is

m

6

2. Solution:

3. Solution:
i T T
w = 5¢(-55)

sec!(-2) = z_ﬂE[&E]‘{E}.
3 2 2

~tan" L (f3) —sec™! (= 2)

_r 2m_ =&
= K

3 3

4. Solution:

o)
- ool )

5. Solution:
tan™'(V3) — cot™' (—3)

=5 (%) =3

6. Solution:
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.1 . .
= | + = — Futund's Koy
sin™' ( 3 )+ Ccos™' X 5
= x=1/3
[sin”! x+cos™ x = 3
7. Solution:

sec”! (2) + cosec! (y) = 5

=y =2[~sec” x+cosec” x= 5]
8. Solution:

. .1, —1

sin[§ —sin” ()]

_ . E ._‘Ial

= sin [.. 3 +sin ( 2 ) ]

[ sin™' (-x) = -sin”'X]

—ein( T 4 T y=ain E =
=sin(3+ 5 )=sing =1

9. Solution:

LHS = cc&s[sin" 3 +cot™ E]
5 2

co I(c:t:-s" 4 +cos” 3 ]
_ COS - 37—
B \ 5 J13

cOs rc:ﬂs" 3 i—Jl _16 Jl-—i
) N/ 25V 13
3

2 6
= =.—= = —— =RHS.

Ln

10. Solution:

We have tan™ x +tan’'y = "

Ia.l.’l_l x+y n xty a 14
= - = = ian =

= l_x‘}l 4 ]_.I}' 4
x+vy

= =1 = x+y=1-x
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Hence x+y+xy=1. Futunds Koy
Short Answer:
1. Solution:
SINX+COSx | . yid T
sin‘l[—:ﬁ—] if - 2 <x< 1

. | 1 T
—on-l | 5IMNY - —+CDS8XY —— |jf— — < X < —
"“*‘“( 2 JE]‘f 4°""%

. . T . m .
=sin™ sm.x»::us;+cﬂsxsmz if

=sin"' sin(x+£] if0< (x+£] < L
4 4 2
i.e. principal value

/e
=x+ .
4

2. Solution:

Let LHS =0.

- sno= o ()5 ()
= sin (cos" (%D > (Sinﬁl (g))
s (2] o 2)

(144\/ 9 12 3
= J1=-— l-—+—Xx~—
169 25 13 5
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5.4 12 3 20 36 56
s o

T1375 137565 65 65

Future's Koy

0 . l56
= = Bt —,
65
12 .13 . _, 56
Hence, cos™ — +sin” —=sin~ —.
13 5 65
3. Solution:
e . -1 4
L.H.S =sIn ;7 HCOS™ ¢
) 18 13
=tan 15+tan 1
R 3
T 1 77 { (36
= tan —— —tan  — = t_(_)
8.3 36 0 \77
15 4
= R.H.S
4. Solution:
4(x+l] ﬂ[x—E]
tan” | —— [+ tan” | — | =tan!(-7)
x-1 x
x+1 x-1
+
- tan”! |22 =tan"! (=7)
l_1+1 x-1
x-=1 X

x(x+ D+ (x=17 _
x(x=D=-(x*=1 ~

= 2x2-8x+8=0
=>x%2-4x+4=0
= (x-2)2=0.

Hence, x = 2.
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5. Solution: P
2 tan(sinx) = tan! (2 secx)

.y 2sinx

= =tan' (2 sec x)

1-sin® x

- 2sinx
o x) = tan~! (2 sec x)

= tan ! (2sec x tan x) = tan"! (2sec x)
= 2secxtanx =2 secx
tanx=1[vsecx#0]
Hence, x= z
2
6. Solution:

We have:

sin ( cot ™!
. |

cos (tan™ x

)
)

Sl N P

) =
cos (tan™ x) = sin ( sin
) =

cos (tan™ x

tan™! x = cos™

=tan! x=tan "’

.&Ir.o

Hence x =

s | 0o

7. Solution:
Put x = cos 0 in RHS
As1/2<x<1
RHS = cos1 (4cos3 6 - 3cos 9),

= cos! (cos 30) =30 =3cos1x=L.H.S

Long Answer:

1. Solution:
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02 INVERSE TRIGONOMETRIC FUNCTIONS

LHS = cos™' x+cos™' {E e

p 3—3;5]
2

= cos” x+cos™ [% X+ %.«Jl— x* ]

= B+cos” [ms%.cusﬂ +sin ;sin B]

[Putting x = cos 8 so that \J1—x? = sin 0]

— B+cos” [cos[% - EI'J]

1 i
= E+(_—B) =— =
3 3 RHS.

2. Solution:

_ X
tanl[

[;.

“tan ' x—tan”' y=tan™’ =y
g L’H}'

] 'x(x+y}—y(x—}*}}
= tan
y(x+y)+x(x-y)
| Pt —xy+y?
= lan 2 . 2
|y +yT T —xy
(2 442 T
= tan~! 7 | =t ()= 7.
Lx" +y
3. Solution:
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INVERSE TRIGONOMETRIC FUNCTIONS }uﬁ_e’((
02 -0‘!!0

o (3 (3 )

4. Solution:

2sin”! (3] = sin”’ (2.2.1'1 —i]
5 5 25

[ 2sin”'x = sin” (2x\ 1 - x° )]

4 24
= [an "T_' 7(1:'
%Y 3] -,'[1?]
= —|-tan" | —
Now, LHS = 2sin (5 3
tan "’ 24 —tan™ 7 '
= 5 31 [Using (1)]
24 17
=1 ? 31 -1 ?44_1]9
=W 17 T 7408
I+ —x— +
7 31
625 s
=[ﬂ]‘lvl—=t -11 = — =
625 an~ (1) 2 RHS.
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Assertion and Reason Answers: Futurds Koy
1. (d) A is false and R is true.

Solution :

Given R ={(1,1),(1,3),(3,1),(3,3),(3,5)}

We know that Relation 'R’ is reflexive on set A if Va€A,(a,a)ER
Here set A={1,3,5}

(1,1)eR,(3,3)ER

but (5,5)¢R

~Ris not reflexive

=~ Assertion A is false By definition of transition Relation, It is clear that given Reason R is
true. Hence option (d) is the correct answer.

2. (c) Ais true but R is false.

Solution:

Given R={(a,b):|a-b|<2}

={(1,1),(2,2), (3,3), (4, 4), (5,5), (1, 2), (2,1), (2, 3), (3, 2), (3, 4). (4, 3), (4, 5), (5, 4)}.
Here (1,1)€R, (2,2)€R, (3,3)€R, (4,4)€R, (5,5)€ER

= Relation R is reflexive on set A = {1,2,3,4,5}

-~ Assertion A is true We know that relation R is reflexive if (a,a) ERV a €A

= Given Reason R is false Hence option (c) is the correct answer.
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