MATHEMATICS

Chapter 13: Probability
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PROBABILITY

1. Probability is a quantitative measure of certainty.

2. In the experimental approach to probability, we find the probability of the occurrence of
an event by actually performing the experiment a number of times and adequate recording
of the happening of event.

3. In the theoretical approach to probability, we try to predict what will happen without
actually performing the experiment.

4. The experimental probability of an event approaches to its theoretical probability if the
number of trials of an experiment is very large.

5. An outcome is a result of a single trial of an experiment.

6. The word 'experiment' means an operation which can produce some well-defined
outcome(s).

There are two types of experiments:

i. Deterministic experiments: Experiments which when repeated under identical
conditions produce the same results or outcomes are called deterministic
experiments.

ii. Random or Probabilistic experiment: If an experiment, when repeated under identical
conditions, do not produce the same outcome every time but the outcome in a trial is
one of the several possible outcomes, then it is known as a random or probabilistic
experiment.

In this chapter, the term experiment will stand for random experiment.
7. The collection of all possible outcomes is called the sample space.
8. An outcome of a random experiment is called an elementary event.

9. An event associated to a random experiment is a compound event if it is obtained by
combining two or more elementary events associated to the random experiment.

10.An event A associated to a random experiment is said to occur if any one of the elementary
events associated to the event A is an outcome.

11.An elementary event is said to be favourable to a compound event A, if it satisfies the
definition of the compound event A. In other words, an elementary event E is favourable
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to a compound event A, if we say that the event A occurs when E is an outcome of a trial. ;e %,

12.In an experiment, if two or more events have equal chances to occur or have equal
probabilities, then they are called equally likely events.

13.The theoretical probability (also called classical probability) of an event E, written as P
(E), is defined as.

Number of outcomes favourable to E
Number of all possible outcomes of the experiment

14.For two events A and B of an experiment:
If P(A) > P(B) then event A is more likely to occur than event B.
If P(A) = P(B) then events A and B are equally likely to occur.

15.An event is said to be sure event if it always occur whenever the experiment is performed.
The probability of sure event is always one. In case of sure event elements are same as the
sample space.

16.An event is said to be impossible event if it never occur whenever the experiment is
performed. The probability of an impossible event is always zero. Also, the number of
favourable outcome is zero for an impossible event.

17.Probability of an event lies between 0 and 1, both inclusive, i.e., 0 <P (A) <1

18.If E is an event in a random experiment then the event'not E’ (denoted by E ) is called the
complementary event corresponding to E.

19.The sum of the probabilities of all elementary events of an experiment is 1.

20.Foran eventE, P(E) =1- P(E), where the event E representing 'not E” is the complement
of event E.

21.Suits of Playing Card

A pack of playing cards consist of 52 cards which are divided into 4 suits of 13 cards each.
Each suit consists of one ace, one king, one queen, one jack and 9 other cards numbered
from 2 to 10. Four suits are named as spades, hearts, diamonds and clubs.
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22.Face Cards

King, queen and jack are face cards.

18
®

23.The formula for finding the geometric probability of an event is given by:

_ Measure of the specified part of the region

P(E) :
Measure of the whole region

Here, ‘measure’ may denote length, area or volume of the region or space.
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Class : 12th Maths
Chapter- 13 : Probability

The probability of the event E is called the conditional probability of

Saiiahiisassiiiacidess iliannnans : E given that F has already occurred, and is denoted by P(E/F). Also,
Real valued function whose p(E/F)= P(EQF)’P(F);tO-
:domain is the sample space of: P(F)

arandom experlment

2G) 0< P(E/F)<1, P(EVF)=1-P(E/ F)
Ranaem H(i)P((EUF)/G)=P(E/G)+ P(F/G)- P((EmF)/G)
Variable (i) P(E N F)= P(E)P(F | E),P(E)#0
7y iiv) P(EnF)= P(F)P(E/ F),P(F)%0 :
;Foreg:if P(A)=%. PgB):% and P(AF\B)=% , then

The probability distribution of a random variable x is
the system of numbers x: x, x, ....x

P pp b s where , pi>0,
Yol il2 o n EP(A/B)zp(AﬁB)zﬁzi
: PE) 99
: Let x be a R.V. whose possible values x, x,, PO 13

occurs with probabilities p(x,), p(x,), . ..., p(:x )
: respectively. Let, u = E(\)be the mean of x. The

variance of x, var (x) or o} —Z(r —p) p(x, )orE(\ - -_ Conditional
: probability

: The non-negative number

: 6-\'=\lvar(X)=,/Z]:(x, ~1) P(%) is called the
standard deviation of the R.V. 'X'. Also,
var(x) = E(.\': )— [E(x)]_For eg:E(x) =3 and

': = (= -9 = =+v1=1. 5
B0 thenvare= 105~ 1and SOV IfE and ¥ are independent, then P

Probability E NF=P(E)P(F), P (E|F)=P(E), P
\/ (F) % 0 and (F|F) = P(F), P(E) # 0.

Variance and standard
deviation

Bernoulli's Trials
Theorem of total

Probability

Tnals of a random experiment are called Bernoulli trials,
i if they satisfy the following conditions :

(i)There should be a finite no. of trials.

(ii)The trials should be independent.

(iii)Each trial has exactly two outcomes: success or failure.

Bayes' Theorem

gLet, {E, E, ....E .} be a partitioné
fofa sample space 'S' and suppose
;that each of E, E, ....E, hasg
: non-zero probability. Let 'A' be

(iv)The probability of success remains the same in each trial. :
For Binomial distribution,B (n,p), P(X =x)=("C‘_ Gr p",x:O,l,....,n)é
(4=1-p) :

any event associated with S, then
: P(A) =P(E)P(A|E,) + P(E):
i P(A|E) + ....+ P(E)) P(A|E,).

:IfE,E,.... E,are events which constitute a :
partition of sample space S, i.e., E, E,, ... E, are
pair wise dis jointand £, UE, U...UE, =S

and A be any event with non-zero probability,

' P(E)P(A|E,)

2P(E)P(IE)

then P(E, | 4)=
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Important Questions Jute's He

Multiple Choice questions-
1.If P(A) =, P(B) = 0, then P (A/B) is
(a) 0

(b) -

(c) not defined

(d) 1.

2.1f A and B are events such that P (A/B) = P(B/A), then
(aJAcBbutA=zB

(b)A=B

()ANB=g

(d) P (A) =P (B).

3. The probability of obtaining an even prime number on each die when a pair of dice is
rolled is

(@) 0

1
OF

1
(c)

1
(d) o
4. Two events A and B are said to be independent if:
(a) A and B are mutually exclusive
(b) P(A'B) = [1-P(A)] [1-P(B)]
(c) P (A) =P (B)
()P (A)+P(B)=1.

Website - www.fukeyeducation.com, Email :- fukeyeducation@gmail.com (5)



PROBABILITY u ke!,
e

5. Probability that A speaks truth is g. A coin is tossed. A reports that a head appears.  uueis sy
The probability that actually there was head is:

(a) 2
(b) -
GF
()=

6. If A and B are two events such that A c B and P (B) # 0, then which of the following is
correct

_r®)
(2) P (A/B) =22

(b) P (A/B) <P (A)

(c) P (A/B) 2P (A)

(d) None of these.

7.1f A and B are two events such that P (A) # 0 and P (B/A) = 1, then
(aJAcB

(b)Bc A

(c)B=¢

(d)A=g

8.1f P (A/B) > P (A), then which of the following is correct?
(a) P (B/A) < P (B)

(b) P (AN B) <P (A).P(B)

(c) P (B/A)>P (B)

(d) P (B/A) =P (B).

9.1f A and B are any two events such that

P(A)+P (B)-P (AandB) =P (A), then:
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(@) P(B/A) =1 Jutands Hey
(b) P (A/B) = 1
(c) P (B/A)=0
(d)P(A/B)=0

10. Suppose that two cards are drawn at random from a deck of cards. Let X be the
number of aces obtained. What is the value of E (X)?

(a) 50y

(b) =

()5

(d) =

Very Short Questions:

1. If A and B are two independent event, prove that A’ and B are also independent.
(C.B.S.E. Sample Paper 2018-19)

2. One card is drawn from a pack of 52 cards so that each card is equally likely to be
se-lected. Prove that the following cases are in-dependent:

e A:“The card drawn is a spade”
B: “The card drawn is an ace.” (N.C.E.R.T.)
e A:“The card drawn is black”
B: “The card drawn is a king.” (.N.C.E.R.T.)
3. A pair of coins is tossed once. Find the probability of showing at least one head.

4. P(A) = 0.6, P(B) =0.5 and P(A/B) = 0.3, then find P(AU B) (C.B.S.E. Sample Paper
2018-19)

5. One bag contains 3 red and 5 black balls. Another bag contains 6 red and 4 black
balls. A ball is transferred from first bag to the second bag and then a ball is drawn
from the second bag. Find the probability that the ball drawn is red. (C.B.S.E. Sample
Paper 2018-19)
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6. Evaluate P(A U B), if 2P(A) = P(B) = % and P(A/B) = § (C.B.S.E. 2018 C)

Short Questions:

Yukey
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1. Given that A and B are two independent events such that P(A) = 0.3 and P(B) = 0.5.

Find P(A/B). (C.B.S.E. 2019 C)

2. Abag contains 3 white and 2 red balls, another bag contains 4 white and 3 red balls.

One ball is drawn at random from each bag.

Find the probability that the balls drawn are one white and one red. (C.B.S.E. 2019

C)

3. The probabilities of A, B and C solving a problem independently are %, % and %

respectively. If all the three try to solve the problem independently, find the

probability that the problem is solved. (C.B.S.E. 2019 C)

4. A die marked 1, 2, 3 inred and 4, 5, 6 in green is tossed. Let A be the event “number
is even” and B be the event “number is marked red”. Find whether the events A and

B are independent or not. {Delhi 2019)

5. A die is thrown 6 times. If “getting an odd number” is a success, what is the

probability of (i) 5 successes (ii) at most 5 successes? (Delhi 2019)

6. The random variable ‘X’ has a probability distribution P(X) of the following form,

where ‘K’ is some number:

(k, ifx=0
P(X — z) — 4 2k, Tfmzl
3k, ifx =2

| 0, otherwise.

Determine the value of ‘P. (Outside Delhi 2019)

7. Out of 8 outstanding students of a school, in which there are 3 boys and 5 girls, a
team of 4 students is to be selected for a quiz competition. Find the probability that

2 boy and 2 girls are selected. (Outside Delhi 2019)

8. 12 cards numbered 1 to 12 (one number on one card), are placed in a box and mixed
up thoroughly. Then a card is drawn at random from the box. If it is known that the
number on the drawn card is greater than 5, find the probability that the card bears

an odd number. {Outside Delhi 2019)

Long Questions:
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1. A black and a red die are rolled together. Find the conditional probability of ;m%,
obtaining the sum 8, given that the red die resulted in a number less than 4. (C.B.S.E.
2018)

2. Two numbers are selected at random (with-out replacement) from the first five
positive integers. Let X denote the larger of the two numbers obtained. Find the
mean and variance of X.

—_ : o 3 5
3. The probabilities of two students A and B coming to the school in time are - and =

respectively. Assuming that the events, ‘A coming in time’ and ‘B coming in time’ are
independent, find the probability of only one of them coming to the school in time.
(AL.C.B.S.E. 2013)

4. A speaks truth in 80% cases and B speaks truth in 90% cases. In what percentage of
cases are they likely to agree with each other in stating the same fact? (C.B.S.E.
Sample Paper 2019-20)

Case Study Questions:

1. In an office three employees Vinay, Sonia and Igbal process incoming copies of a
certain form. Vinay process 50% of the forms, Sonia processes 20% and Igbal the
remaining 30% of the forms. Vinay has an error rate of 0.06, Sonia has an error rate of
0.04 and Igbal has an error rate of 0.03.

Based on the above information, answer the following questions.

(i) The conditional probability that an error is committed in processing given that
Sonia processed the form is:

a. 0.0210
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b. 0.04
c. 0.47
d. 0.06

Future's Koy

(ii) The probability that Sonia processed the form and committed an error is:

0.005
0.006
0.008
0.68

&0 o

(iii) The total probability of committing an error in processing the form is:

a. 0
b. 0.047
c. 0.234
d. 1

(iv) The manager of the company wants to do a quality check. During inspection he
selects a form at random from the days output of processed forms. If the form
selected at random has an error, the probability that the form is NOT processed
by Vinay is:

a l

30
a7

20
© a7

17
47

b.

(v)Let A be the event of committing an error in processing the form and let E1, Ez and
E3z be the events that Vinay, Sonia and Igbal processed the form. The value of

3
> P(Ei[A)
i=1 1S:

a. 0
b. 0.03
c. 0.06
d 1

2. Between students of class XII of two schools A and B basketball match is organised.
For which, a team from each school is chosen, say T1 be the team of school A and T: be
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the team of school B. These teams have to play two games against each other. It ig .,

assumed that the outcomes of the two games are independent. The probability
1 3 1
of T1 winning, rawmg an osrng a game against T, are >'To and < respectively.

Each team gets 2 points for a win, 1 point for a draw and 0 point for a loss in a game.

Let X and Y denote the total points scored by team A and B respectively, after two games.

Based on the above information, answer the following questions.
I. P(T> winning a match against T;) is equal to:

.

L= = |

d. Mone of these
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li. P(T; drawing a match against T4) is equal to: P

a.

E|“ [==1 [ R T T 1

. P(X > Y) is equal to:

.

e |t

5
b. 13

1
20
11
20

V. P(X = Y) is equal to:

1L
100

V. P(X + Y = 8) is equal to:

a0

b —

Answer Key-
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Multiple Choice questions-

1.

2.

8.
9.

Answer: (c) not defined

Answer: (d) P (A) = P (B).

Answer: (d) —

Answer: (b) P (A'B") = [1 - P(A)] [1 - P(B)]
Answer: (a) =

Answer: (c) P (A/B) = P (A)

Answer: (a)AcCB

Answer: (c) P (B/A) > P (B)

Answer: (b) P (A/B) =1

10. Answer: (d) %

Very Short Answer:

1.

Solution:
Since A and B are independent events, [Given]
~.P(ANB)=P (A).P(B) ..(1)

Now P(A'nB) =P (B) - P (AN B)

= P(B) - P (A) P(N B) [Using (1)]

=(1-P(A)) P(B) =P(A) P(B).

Hence, A’ and B are independent events.

Solution:
13 1 4 1
(@ P(A)=;=,PB)=5=1
1 1 1
P(ANB) == =--—=p(A).p(B)

Hence, the events A and B are independent
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26 1 4 1
(b) P(A) = E = E' P(B) E = E Future's Koy

2 1
P(ANB) =§=2_6=

N | =

. —=P(A).P(B)

Hence, the events A and B are independent
3. Solution:
S, Sample space = {HH, HT, TH, TT}

where H = Head and T = Talil.
=~ P (at least one head) = %‘

4. Solution:

We have: P(A/B) =0.3

P(ANB)

P& =0.3
P(ANB) _
o - 0.3

P(ANB)=0.5x0.3=0.15.

Now, P(AUB) =P(A) + P(B)-P(A n B)

=0.6+0.5-0.15

Hence, P (AUB)=1.1-0.15=0.95.
5. Solution:

P (Red transferred and red drawn or black transferred red drawn)

__ 3 T h i}
=s XT3 X1

_ 21, 30 _ 5l
=B TR = x
Solution:

P(ArB)

. ) 2
D A | —
P I__HI'-']B_.

P(A/B) = ¥
P(AUB) = P(A) + P(B) - (A n B)
_ 5 5 2 _ 11
"% T3 13— 1%
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Short Answer:

1.

Solution:

We have:

P(A)= 0.3 and P(B) = 0.5.

Now P (A n B) =P(A). P(B)

[*A and B are independent events]
=(0.3) (0.5) = 0.15.

~ CA I P{ANB) _ 015 _A 4
Hence, P(A/B) = P@ 05 =0.3.

Solution:
Reqd. probability

= P (White, Red) + P (Red, White)

3 3 2 4 9 g8 Sy
3X7TEX7 =T =%
Solution:

Given: P(A) = 3, P(B) = 5 and P(C) =

e | =

B L 12
..P(A):l—E=E,P{B}:I—3_3

Lo | s

| 1
and P(C)=1- a

Probability that the problem is solved

= Probability that the problem is solved by at least one person

-1-P(A)P(B)P(C)

1,23 4_1_3
3 X g xXg=1 1

1
4

Solution:
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Here, A: number is even i.e., Tutanes oy

A={2,4,6}

and B: numberisredi.e,

B ={1,2,3}

~ PlA) = % = % and P(B) = —g = %

And,

P (A N B) = P(Number is even and red) = %.

Thus, P (A n B) # P(A). P(B)

# 121

Hence, the events A and B are not independent.
5. Solution:

Probability of getting an odd number is one 3 1
SR IS (R

trial = § = 3 - P(say)

Probability of getting an even number in one 3
ial= 2 — 1 _qraay)

trial = s = 3 d(say) ol

Also, n = 6.

(i) P (5 successes) = P(5) = ¢Cs q! p°

(ii) P (at most 5 successes)

=P(0)+P(1)+..+P(5)=1-P(6)

=1-6Csq0 pb
=1-1L _ 63
64 64

6. Solution:
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Wehave: P (X=0)+P(X=1)+P(X=2)=1 P

>k+2k+3k=1

= 6k =1.
1

Heﬂce_.»(—ﬁ.

7. Solution:

3{1-2 KECQ
Hcd

Read, probability =

310

3
7

70
8. Solution:
Let the events be as :
A: Card bears an odd number.

B: Number on the card is greater than 5.

ANB={7,9,11}.
Hence, F(A/E) = PE;E‘}E]
_312 _ 3

7/12 7

Long Answer:

1. Solution:

Let the events be as:

E: Sum of numbers is 8

F: Number of red dice less than 4.

E:{(2,6), (3,5), (4,4),(53),(6,2)}

F={(1,1),(21),..(6,1),(1,2), (2 2),..(6,2),(1,3), (2 3), ...(6,2) (6,3)}
and En F={(5, 3), (6, 2)}
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P(E) = 5. P(F) = 35 o

( oy 2
and P(EN )= 35

P(EMF) _ 2/36

Hence, P(E/F) =

P(F)  18/36
2 _ 1
18~ 0
2. Solution:

The first five positive integers are 1, 2, 3, 4 and 5.
We select two positive numbers in 5 x 4 = 20 way.
Out of three, two numbers are selected at ran-dom.
Let X’ denote the larger of the two numbers.
Xcanbe 2,3,4 or5.

~ P (X=2) =P (Larger number is 2)

{(1,2), 21} =

Similarly, P (X=3) = %,

6
P(X=4)=—
and P (X=5)=—

Hence, the probability distribution is:

X 2 3 4 5
P(X) /10 | 2/10 | 3/10 | 4/10
X.P(X)| 2/10 | &/10 | 12/10 | 20/10
X P(X)| 4/10 | 18/10| 48/10 | 100/10

Mean = £ X P(X)

2 - 6 8
lxﬁ +3xj—ﬂ+4>< 54‘5){%
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4+12+24+40 80 4
- 20 ~20

and variance = £ X°P(x) - [ P(x)]*

10 -(1)*=17-1=16.

. Solution:

We have: P(A) = Probability of student A coming to school in time = .

P(B) = Probability of student B coming to school in time = j

~PA)=1-2-1

ancP(E)=1—%=%

=~ Probability that only one of the students coming to school in time
=P(ANB)+P( A NB)
- P(0)P(B) + P(B)PB)

[+ A and B are independent == A and E and E and B are also independent]

A EH+E R =%
. Solution:

PlAy= 20 — 2

and P( B)= % %

PA)=1-PA)=1-3=1

°B)=1-PE)=1-2 ==

-~ P(Agree) = P(Both speak the truth or both tell a lie)
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= P(AB or AB) Jutu's Hey

= P(A) P(B) or P(A)P (B)

- (&) 6Iw)

36 1 37 74

T 50 50 50 100
Hence, the reqd. percentage = 74%.
Case Study Answers:

1. Answer:
Let A be the event of commiting an error and E1, Ez and E3 be the events that Vinay,

Sonia and Igbal processed the form.
(i) (b) 0.04
Solution:
Required probability = P(A|E2)\

. P{A n Ez]
= T P(E)

100

= —) =0.04
(&)

(i) (c) 0.008

(D.Mx 20

Solution:
Required probability = P(A N E2)

_ 20 __
= 0.04 x 2% —0.008

(iii) (b) 0.047
Solution:
Total probability is given by
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P(A) = P(E1) x P(A[E1) + P(E2) x P(A[E2) + P(E3) x P(A|Es). Juts Koy

50 20 30

= 0.047
(iv) (d) 17471747
Solution:

Using Bayes' theorem, we have

B P(E:)xP(A | E;)
P(E: | A) = P(E:) x P(A | E1) + P(Es) x P(A | Ep) + P(Es) x P(A | Es)

0.5x0.06 30

— 0.5x0.06+0.2x0.04+0.3x0.03 — 47

. . Required probability = P(E |_ A)

=1-PE |A)=1-2 =Z

47
()1
Solution:
3
P(E; |A)=P(E, | A) + P(Ey|A) + P(Es |A) =1
i=1

[.". Sum of postericr probabilities is 1)

2. Answer:
_ 1
() (@3
Solution:

Clearly, P(T2 winning a match against T1)
1
= P(T1 losing) = <

3
(M (@
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Solution: Future's Koy

Clearly, P(T2 drawing a match against T1)

3
= P(T1 drawing) = To

0 (d 11
(i) (d)
Solution:

According to given information, we have the following possibilities for the values
of XandY.

X 4 3 2 1 0

Y 0 1 2 3 4
Now, P(X>Y)=P(X=4,Y=0)+P(X=3,Y=1)
= P(T1 win) P(T1 win) + P(T1 win) P(match draw) + P(match draw) P(T: win)

:lxé_klxi_'_ixl

2 2 10 10 2
_ 54343 _ 11
20 20
_ 29
(iv) ()
Solution:

PX=Y)=PX=2,Y=2)
= P(T1 win) P(T2z win) + P(T2 win) P(T: win) + P(match draw) P(match draw)

1 1 1

1 1 1 1 3 3
=3 X gtz Xgzt+tiX

10
_ A r 920
_ll]—l_ll]—l_li]'[l'_1lII'lIII

(V)(@)0
Solution:

From the given information, it is clear that maximum sum of X and Y can be 4,
therefore P(X+Y =8) = 0.
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