MATHEMATICS

Chapter 12:'LIMITS-AND DERIVATIVES
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1 LIMITS AND DERIVATIVES

LIMITS AND DERIVATIVES

Some useful results

10.

11.

12.

13.

14.
15.

16.

17.

18.

19.

20.

. (@2=b?)=(a+b)(a-b)

a’-b3=(a—b)(a?+ab +b?

. al+b3=(a+b)(a?—ab+b?)

a*—b*=(a?-b?) (a’+b?) =(a+b)(a-b)(a?+b?

(1+x)" =1+nx+n(n2I1)x2+n(n_2!(n_2)x3+.

log(1+x)=x-

2
a*=1+x(log a)+ %(Imge a)2 F o

o >ox X
Sln)(—)(—§+§—ﬁ+
x> x* x°
CoOSX=1—-—+"———+...
2! 41 6!
3 2)(5
tanx=x+—+— +...
3 15

sin(A + B) =sinAcosB + cosAsinB

cos(Ai B) =cosAcosB+sinAsinB

tan(AiB) _ tanA +tanB
l1rtanAtanB

sin(A £B)
tanA+ttanB= —————~

cosAcosB
tanA — tanB = tan(A —B){l +tanAtanB}
sinC +sinD = 25inc+ Dcosc_D

2 2

sinC —sinD :25inC£DcosC;D

Website - www.fukeyeducation.com, Email

.- fukeyeducation@gmail.com

Yukey

-&E

Future's Koy

(1)



LIMITS AND DERIVATIVES
12 3u/ce,,
-‘!!0

Futunds Ky
21. cosC+cosD:2cosC;DcosC£D
22. cosC —cosD :—ZsinC;Dsinch

23. 2sinAcosB =sin(A +B) +sin(A -B)
24. 2cosAcosB:cos(A+B)+cos(A—B)
25. 2sinAsinB:cos(A—B)—cos(A+B)

Key Concepts

1.

The expected value of the function as dictated by the points to the left of a point defines
the left-handlimit of the function at that point. The limit lim f(x) is the expected value of

X—a~
f at x = a given the values of f near x to the left of a.

. The expected value of the function as dictated by the points to the right of point a defines

the right- hand limit of the function at that point. The limit lim+ f(x) is the expected value

X—a
of f at x = a given the values of f near x to the left of a.

. Lety =f(x) be a function. Suppose that a and L are numbers such that as x gets closer and

closer to a,f(x) gets closer and closer to L we say that the limit of f(x) atx=ais L, i.e.,
lim f(x) = L.

X—a

Limit of a function at a point is the common value of the left- and right-hand limit if
1im¢ f(x).

they coincide, i.e., lim f(x) =
X—a X—a

. Real life examples of LHL and RHL

a) If a car starts from rest and accelerates to 60 km/hr in 8 seconds, which means the
initial speed of the car is 0 and it reaches 60 km 8 seconds after the start. On recording
the speed of the car, we can see that this sequence of numbers is approaching 60 km in
such a way that each member of the sequence is less than 60. This sequence illustrates
the concept of approaching a number from the left of that number.

b) Boiled milk which is at a temperature of 100 degrees is placed on a shelf; temperature
goes ondropping till it reaches room temperature.

As the time duration increases, temperature of milk, t, approaches room temperature
say 30°.Thissequence illustrates the concept of approaching a number from the right of
that number.
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6. Letfand g be two functions such that both lim f(x) and lim g(x) exists then Fulies oy
X—a X—a

a. Limit of the sum of two functions is the sum of the limits of the functions,
i.e. lim [f(x) + g(x)] = lim f(x) + lim g(x).
X—»d X—a3 X—»d
b. Limit of the difference of two functions is the difference of the limits of the functions,
l.e. lim [f(x) —g(x)] = lim f(x) —lim g(x).
K—rdl K—sd X—+a3
c. Limit of the product of two functions is the product of the limits of the functions,

.e. I,!_'};‘ [f(x).a(x)] = IJE';' f(x).lxi_r?; a(x).

d. Limit of the quotient of two functions is the quotient of the limits of the functions
(whenever the denominator is non zero),

e limfX) _ “L“ )
=2g(x)  lim g(x)

e. Iimm exists, then

¥-—=>a g(x)
1 Iin"lE
Ixin;1|1 f(x)o) = o™
f. If Ixingf(x) =1 and Ixingg(x] = o such that
IJng|f(x)— 1g(x) exists, then,
lim f(x)gm . g

H—>»d

7. For any positive integer n,

n n
. x"-a )
lim =na"’
X—»d x _a
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8. Limit of a polynomial function can be computed using substitution or algebra of limits.

9. The following methods are used to evaluate algebraic limits:

i.Direct substitution method

ii.Factorization method
iii. Rationalization method

iv.By using some standard limits

v.Method of evaluation of algebraic limits at infinity

10.For computing the limit of a rational function when direct substitution fails, use
factorisation ,rationalisation or the theorem.

Rational
Functions

11.Let f and g be two real valued functions with the same domain such that f(x) < g(x) for
all x in thedomain of definition. For some a, if both lim f(x)and lim g(x)exist, then
X—a X—a

lim f(x) < lim g(x).
X—a X—a

Y
A

y =flx)

5 > X

Website - www.fukeyeducation.com, Email :- fukeyeducation@gmail.com  (4)

[
[
I
I
[
a




LIMITS AND DERIVATIVES
13 }M/ce!,
-‘!!O

Let f, g and h be real functions such that f(x) < g(x) < h(x) for all x in the common domain of *“***”*

definition.For some real number a, if lim f(x).= €= lim h(x) then limg(x) =1
X—a X—a X—a

An example of a sqgueezed function &)

12.Suppose f is a real valued function and a is a point in its domain of definition. The
derivative of f at ais defined by

i f@+h) - f(a)

h—0 h

Provided this limit exists and is finite. Derivative of f(x) at a is denoted by f'(a).

13.A function is differentiable in its domain if it is always possible to draw a unique tangent
at every pointon the curve.

14.Finding the derivative of a function using definition of derivative is known as the first
principle ofderivatives or ab-initio method.

15.Differentiation of a constant function is zero.

16. If f(x) is a differentiable function and ‘c’ is a constant, then % (c. f(x)) = c.%f(x).

17.Let f and g be two functions such that their derivates are defined in a common domain.
Then

i. Derivative of the sum of two functions is the sum of the derivatives of the functions.
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D00 + 90 = L F(x) + - gl

ii. Derivative of the difference of two functions is the difference of the derivatives of the
functions.

d d d
00 - a00) = =) - —ax)
iii. Derivative of the product of two functions is given by the following products rule.
d d d
[F00.00x) = -F00.90x) + Fx). -~ g(x)

iv. Derivative of quotient of two functions is given by the following quotient rule(whenever
the denominator is non-zero).

d d
d r(xw ) il COR R (€9 F™ €0
dx| g(x) (9(x))’

18.Generalization of the product rule: Let f(x), g(x) and h(x) be three differentiable functions.
Then

D7) 9(0) ()]
d d

= 2 T6(x)] 90)N(x) + £(x): = [a(x)]-h(x) £(x)-g (x) - [(x)]

19.Derivative of f(x) = x" is nx""! for any positive integer n.
20.Let f(x) = anx" + (n=1)an-1X"+...+ 22X + a1.

Now, ax are all real numbers and a, # 0. Then, the derivative function is given by

df(x) _

nax" +(h-1a x"“+..+2ax+a.
dx n n-1 2 1

21.For a function f and a real number a, lim f(x)and f(a) may not be same (In fact, one may
X—a

be defined and not the other one).

22.Standard derivatives
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f(x) f(x)
sin X COos X
cos X -sin X
tan x sec’x
cot X —-cosecx
sec X sec X tan x
cosec X —-cosec X cot
X
n n—1
X nx
C 0

® | N
. —
)

o~
EN
Jx 2
1 1
% A
a" a“log, a
log, x 1

X

23.The derivative is the instantaneous rate of change in the terms of Physics and is the slope
of thetangent at a point.

24.A function is not differentiable at the points where it is not defined or at the points where
the uniguetangent cannot be drawn.

dy df(x)
dx’ dx

25.Conisider that f'(x), and y’ are all different notations for the derivative with

respect to x

26.Key Formulae
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Koy

2. limc=c

K==

. C
3. im—=0,n>0

X—poe W

4. Iiminzo,neN

X—):v:'x

5. limx — 4o

X=p+ao

6. limx — —=

Ho—p—ao

7. limx® - 4+

K—p+ad

8. limx? 5w

Kooy

9. lime* 5> =

Koy

10. lime™ - x

e

11. lime™ -0

X =30

12. lime* -5 0
X =y =

13. lima* -0, if [a| 1
H—pan

14, lima* — o, if [a]>1
M —pan

15. limlog, X — —» and limlog, X —» —, where a>1

¥ 0" Ko
16. limlog, x — « and limlog, X - —o, where 0 <a<1
x 0" X —po0

o

. d
17. lim
x=0 x

18, lim 291 %)
¥l x

=log, a
gl

19. lim

20. Iim{l x)x =e

21. Iim[1+—) =
*®—=0

22. im{1+lx)§ =e"

23. imf1+’“] _e
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24. limsinx =0

x—0

25. Iingcosx =1

26. lim>1"% _1
x—0 x

27 |im1_cﬂ -0
W—0 »

28. lim@NX _4
W—0 X

29 |imm -1
K—d (x — a)
__tan(x -a)

30. im————~=1
X—a (x — a)

Steps for finding the left-hand limit

1. Step 1: Get the function lim f(x)

X—a~
2. Step 2: Substitutex=a-h andreplacex - a~ by h — 0 to get Li_r}(ll f(a—h)
3. Step 3: Using appropriate formula simplify the given function.
4. Step 4: The final value is the left-hand limit of the function at x = a.
Steps for finding the right-hand limit

1. Step 1: Get the function lim f(x)

X—a

N

. Step 2: Substitute x=a-h and replacex > a” by h - 0 to get Lin(} f(a+h)

3. Step 3: Using appropriate formula simplify the given function.
4. Step 4: The final value is the left-hand limit of the function at x = a.

Steps for factorisation method

1. Step 1: Get the function lim%x)), where limf(x) = 0 and lim g(x) = 0
X—a

x—a 8X X—a

2. Step 2: Factorize f x and g x.

3. Step 3: Cancel out the common factors.
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4. Step 4: Use the direct substitution method to find the final limit. Julss Ky

Steps for rationalisation method

: . . 0
1. When the numerator or denominator or both involve expression takes the form —,Ewe
can use this method.

In this method, factor out the numerator and the denominator separately and cancel the
common factor

Example:

Evaluate Iirrg
X—

CEEERY

Solution:

Thus, rationalising the numerator, we have,

Zix -7 (xR x B
x <0 (N2 rx2)

. 2+x-2
=1lim

X (V2T x 2)

1
=M=
20 2 4+ X + 42

1

=57

l[im

x—0
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Class : 11th Mathematics

Chapter- 13 : Limits and Derivatives /
\ 7
Fnr functions u and v the following holds:
Pe (uro) =wso : g T
F , : : O o
ie (lm) =u'v+ou : g I:T =ng
. [ﬁj upruvlded all are defmed : i S T
v U andv#0 : H x50 x
L .
: Here, u':@ and v’:@ -
o - S S
‘Letf(x)—ax+ax '+——+ax+abea
-polvnonual function, where g, s are all real numbers-
fand a #0. Then the derivative function is givenby 3
E d
D e _
Derivative of Algebra of
polynomial derivatives of Some standard
function functions derivatives Some standard
Limits
Limits and Derivatives
Algebra of
Limits Derivative of a Limit

function at 'a’

value: otj near x to the left of a. This value is called the left
hand limit of f at ‘a’ :
We say limf(x) is the expected value of f at x=a given that the :
Sa ; 3

N { Gl ()
f(“)‘!,"}[}f

Eg: Find derivative of f( ) l  values (;f fnear x to the right of a. This value is called the
x :

right hand limit of f ‘ata’.
Sol:Wehave (x) = lrmgw : If the right and left hand limits coincide, we call that commoxg
iz 1 H

value as the limit of f(x) at x=a and denoted it by limf(x).
P

» hn}[f ] lln‘ll f(x)£ llmg( ) T il —n Eg: Find limit of function f(x)=(x-1)? at x=1.

3 =lim =lim— -1

: H L) x(x + h) : :  Sol: For f(x)=(x-1)*

: lim lim limg(x : G : . 2

®» U ] xa i) x> 8(x) : i Left hand limit (LHL) (at x=1)=lim (x~1)"=0

hmf(x) - and Right hand limit (RHL) (at x=1)= ‘“{‘!(X‘l)z =0

» T ; |

R e e \w.‘. : - LHL = RHL
. lim (x - 1): =0 ]
Grassnsasans FPeansanansnssnansusansnnansnsassnsnnanannsnnnnnnnnnnst
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Important Questions

Multiple Choice questions-

Question 1. The expansion of log(1 — x) is:

(@) x=x2/2+x3/3—....

(b)x+x2/2+x3/3+.......

(c)-x+x2/2=-x3/3 +.....

(d)x=x2/2-x3/3—.....

Question 2. The value of Limysa (a x sin x — x x sin a)/(ax*> — xa?) is
(a) = (a x cos a + sin a)/a?

(b) = (a x cos a —sin a)/a?

(c)=(axcosa+sina)/a

(d) = (a xcosa—sina)/a

Question 3. Limys1 [1 + X+ X2 + .......... +x19 is

(a)0

(b) 1

(c)-1

(d) 2

Question 4. The value of the limit Limyso {log(1 + ax)}/x is
(a)0

(b) 1

(c) a

(d) 1/a

Question 5. The value of the limit Limy-o (cos x)cot®*is
(@)1

(b) e

(c) e1/2

(d)

Question 6. Then value of Limys1 (1 + log x —x)}/(1 — 2x + x?) is

(@)0

e-1/2
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(b) 1 e

(c)1/2

(d)-1/2

Question 7. The value of limyso {(x + y) X sec (x +y) —x x sec x}/y is
(a) x x tan x x sec x

(b) x x tan x x sec x + X x sec x

(c) tan x x sec x + sec x

(d) x x tan x x sec x + sec x

Question 8. Limy-o (ex? — cos x)/x? is equals to
(a)0

(b) 1

(c) 2/3

(d) 3/2

Question 9. The expansion of a*is:

)
)

(@) a*=1+x/1! x (loga) + x* /2! x (loga)> + x* /3! x (loga)® + ...........
(b) a*=1-x/1!x (loga) + x> /2! x (log a)> — x3 /3! x (log a)® + ...........
(c)a*=1+x/1x(loga)+x*/2x(loga)>+x>/3x(loga)®+........
(d
Question 10. The value of the limit Limnso (1 + an)®/" is:
(a) e®
(b) e®
(c) e®

)
(d)

)
Ja*=1-x/1x (loga)+x*/2x (loga)>—x>/3 % (loga)®+..........

ea/b

Very Short Questions:

[y

) x2-9
. Evaluate lim
x-3 Lx-3

sin3x

N

. Evaluate lim
x—0 5x

. Find derivative of 2x.

4. Find derivative of Vsin 2x

w
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6.
7.

8.

9.

. Evaluate lim

sin? 4x

x-0 x?

2_.n
What is the value of lim (x 4 )

xX—a X—a

Differentiate 27x

inxeio g d
If y = es"*Find =
dx
x15-1
x10-1

Evaluate lim
x—-1

10.Differentiate x sin x with respect to x.

Short Questions:

1.

4,

5.

. Evaluate lim

Prove that lim (eX—1) =1

x—0 X

(2x-3)(Vx-1) _

. Evaluate im———==1

x—1 (2x%2+x-3)
x tan 4x

x—0 1—cos4x

__ (1-tanx) =7

Ity . Show that 2 =

Differentiate eV¢ot¥

Long Questions:

1.

5. Find the derivative of sin (x + 1) with respect to x from first principle.

Differentiate tan x from first principle.

2. Differentiate (x + 4)® From first principle.
3.
4

. Find the derivatives of the following fuchsias:

Find derivative of cosec x by first principle.

R SeaavE)
ot |

Assertion Reason Questions:

1.

Website - www.fukeyeducation.com, Email :- fukeyeducation@gmail.com
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LIMITS AND DERIVATIVES

ax* +bx+ ¢

Assertion (A) lim —; is
x—1 ¢x" +bhx +a

equal to 1, wherea + b +¢ # 0.
1 1

Reason (R) lim

‘ 1
rﬁ is equal to —.
x— -2 X + ﬁ 4

(i) Both assertion and reason are true and reason is the correct explanation of
assertion.

(ii) Both assertion and reason are true but reason is not the correct explanation
of assertion.

(iii) Assertion is true but reason is false.

(iv) Assertion is false but reason is true.

2. In each of the following questions, a statement of Assertion is given followed by
a corresponding statement of Reason just below it. Of the statements, mark the
correct answer as.

Sin @x a

Assertion (A) lim : is equal to —.

x—0 bx b

Sifl X
Reason (R} lim =1
x— () X _ )
(i) Both assertion and reason are true and reason is the correct explanation of
assertion.
(ii) Both assertion and reason are true but reason is not the correct explanation
of assertion.
(iii) Assertion is true but reason is false.
(iv) Assertion is false but reason is true.
Answer Key:

MCQ:

1. (d)-x—x2/2-x3/3 -

2. (b) =(axcosa-sina)/a?

3. (b)1

4. (c)a

5. (d) e?
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6. (d)-1/2 Julss Ky
7. (d) x x tan x x sec x + sec x

8. (d)3/2

9. (a)a*=1+x/1!x(loga) +x*>/2! x (loga)*+ x3 /3! x (loga)® + ...........

10.(c) e?®

Very Short Answer:

()
—= + 3=
x—+3 |\-.;\_k1|

= %3 cos2x

Bafsin2x
coslx

yjooslx

lim S8 g [ SR g
- 4:—}2:&_ 4 |

=1x16=16
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R
lim =1
=a oy

- J:if—fim
i-_ ax ax
dr x X

rﬂil-'

'ﬂl— gnx
—€
ax

e

= &% xecosx = cos e ™

10.
d :
—xsin x = xcosx+sin x 1
ax

woosx+sin

Short Answer:
1. We have

g —1

lim
x—0 x
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e 2 3 - - Future's Koy
x4 Yy
JI 1 |

23
L — - S

[ x
: ve =l+xt—+-———
lim ' 2

= L 4 L -

(2x-3)(+x~1]
lim ——— —
=l [_21" +.T—3_]
o (2x-3)x-1]
x—l [_2_1’+3_] [_x—l_]
) (2x-3)(x—1) (~x+1]
11m — — — - 7
= (2043) (1) (Va4
, (2x=3)( =1
lim - — — .
= (2x+3) 1) (Vx+1)

: 2x-3) 2x1-3
lim ' -

=124 3) (V1) (2x1+3)(+1+1)

_ 1

T 10
3.

. xtan dx
lim

=0 ]—casdx

. xsin dx
=lim — —
F=Yeosdx| 2sin® 2x |
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2xsifi 2xcos 2x

=lim . T
= cos 4x|2sin * x|

. jeoos2x 2x 1)
=lim — K= |
=0 cosdx sin2x 2
; Iy R .
glimeosdx gy ) 1 1
=_1 % lim | — j=—xl=—
2 limcosdx =0l sinlx ) 2 2
dx—

o ['_1 —tan .T_'|

V== -
) [_1+tan x)

. ['1+tanr’|i[’1—tanx'l—['l—tanx']i_(1+tanx'|
d) . S ; . LT ;

dx (1+tanx)

(1+tan x| —sec” x| —(1—tan x) sec’ x

(1+tanx)
. —sec” l’-lMéEfl’—SEC:+IM€ETI
(1+tanx)”

_ 2 sec x B -2
(1+tan x| , [, siex |

: : os x| 1+
' cosx |

-2

;| cosx+sinx
cosL x| ——— |
T:Ersix |

r 2

cos” x+sin” v+ 2sinxcosy l+sinT x

dy —2

' E_ l+sin2x
Hence Proved.

5.
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Let y=¢"""
ﬂil.' vﬂ' TotT oot al
Lo T = o oot x
ax  ax ax
otx ., 1 a t
=g —ocotx
2ifcotx ax
g Dolx .
= —CDsECTX
2ofeot x
_ —cos cec e¥
24jcot x

Long Answer:
1.

flx)=tanx

flx+h)=tan(x+h)

£ () =l L S

: h

tan (x+ /1) —tan x

=lim

a0 I

sin(x+Hh)  sinx

= . cos(x+h) cosx
lim ' :

a0 b

sin{x+h|cosx—cos(x+h)sinx
lim S .
A=l hcos| x+Fh)cosx

, sin |:.T+I?—J:] T-ssin (A-B)=
= llmh - - — I I L - I
=0 hicos(x+h)cosx |sin Acos B —cos dsin B |

) sinh
= lim

#=0 hcos(x+h)cos x

. sinh
lim — 1 _ _
_ =0k - Y sinh !
limcos(x+hjcosx cosxcosx | 77 |
] : ‘ L i i
] 2
= — =sec”x
cos” x
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LIMITS AND DERIVATIVES

let f(x)=(x+4)°

Flx+n)=(x+h+4)

flx+h)—f(x)

£'(x) =lim
A=l h

C (xrhrd) =+ )

= h

, (x+h+4) —(x+4)
lim — — Z
wrisdi=ined) (x+h+4)—(x—4)

6['_1’+—1_']' =1 '_ =E y—g

6(x+4)

proof let f( x]= cosec x

By det.f () = 1¢ L)1)

¢ ki

cosec|x+ /1) —cosec x

=Lt
=l 1
1 1
sin{x+h| sinx sin x—sin [ x+ /)
=1t ' — =Llr—— —
=l h =0 fsin | x4+ )sin x
x+x+h . x—xt+h
2cos sin =
= Lt —= —=
A0 hsin(x+ f)sinx
{ ;’E‘\: o ;’EH:
Jeoos) x+— [sin| ——
A 200 2]
= LI‘J\. T "- 4 -'1 " v - -
=0 hsin|x+ A )sinx
¥ ;’E | .
Lfcos x+— .k
A, | 7| i —
?_}v 5, - a3
=— Lt —=

cosx. L+sin(x+h) 250 &
= : co- Y

COsS X
=  l=—rcosecxcotx

5111 3¢ S ¢
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LIMITS AND DERIVATIVES
13 }Mﬁe;,
-0‘!!0

4 Futund's Hoy
N 1/ 1)
(i) letfix)= x——| =x ———-3x+— x—— |
L x) X xl x)

=x —x" —3x+3x""d ff wrerd we get

fx)=3%x —(=3)x" =3x1+3x(=1)x"

;3 3
=3x +——3——-..
x x|

(3x+1)(2Vx~1) 62 _3x 424X <1

(ii) let £ (x) = e - T

1 1

=6x—3x+2—x 1.d: ff wrt xweget

1 '
flx) =5><1—3><%><x 140 -

x 1

x

b | =
[ o

3 1
+

2""'{; Ex_ -

—6—
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LIMITS AND DERIVATIVES

Yukey

-&E

let f[ .'l.’_.] =sin [._.T+ 1] Futune's Koy

flx+h)=sin(x+h+1)

Flx+h)— f(x)

Hx)=lim
e s I |

sin [ x+A+1)—sin( x+1)

— lim
a— 1
- | x+h+14+x+1 |, | x+h+1—-x-1
2eos sifl
| 3 | 2
= lim = = - =
a— 1
b . h
2eos| x+1+— |51n—
. ' 2 2
= lim = =
A=

T
Fl

P
1

7 sin;‘

- lim 2cos| x+1+— [xlim —=
Bl | 2 | = l?, #

;

= cos(x+1)x1=cos(x+1)

Assertion Reason Answer:
1. (iii) Assertion is true but reason is false.

2. (i) Both assertion and reason are true and reason is the correct explanation of
assertion.
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