MATHEMATICS

Chapter 11: Three-Dimensional Geometry

Website - www.fukeyeducation.com, Email :- fukeyeducation@gmail.com

GiF

:
E



11 THREE-DIMENSIONAL GEOMETRY :j;i/‘%

Future's Koy

THREE-DIMENSIONAL GEOMETRY

Top Review

1. If P(x1, y1, 1) and Q(xa, Y2, z2) are two points in space, then

2

PQ = (%, = %,) + (Y, - v,) + (2, - 2,)

2. The distance of a point P(x1, y1, z1) from the origin 0 is given by

OP = Jxlz +Y, +2,°

3. The coordinates of a point R which divides the line joining the points P(x1, y1, z1) and Q(x>,
Y2, Z2 ) internally in the ratiom : n are

mx, + NX, My, +nNy, mz, + Nz,
m+n ' m+n ' m+n )

4. The coordinates of a point R which divides the line joining the points P(x1, y1, 1) and Q(x2 ya,
z,) externally in the ratiom : n are

mx, —Nx, My, —nNy, Mz, -nz,
m-n ' m-n ' m-n )

5. Let P(x1, y1 1) and Q(x2 Y2, z2) be two points in space. The coordinates of the midpoint of PQ

)(1+)\(2 y1+y2 21+Z2
2 "2 " 2 )

are

6. Let P(xq, y1 z1), Q(X2 Y2, z2) and R(x3 ys, z3) be three vertices of the triangle.

G(x,y,2) is G[

X, + X, + X3 Yy + Yo +Ys 21+22+z3}
Hence, the centroid

3 ! 3 ! 3
7. The projection of the line joining points P(x1, y1, z1) and Q(xz, Y2, z2) to the line with direction

cosines, |, m and n is ‘(Xz =X )l +(y; -y )m+(z _Zl)n|'
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Top Concepts Sutangs Foy

1. The angles a, g and y which a directed line L, through the origin, makes with the x, y and z
axes, respectively, are called direction angles.

If the direction of line L is reversed, then the direction angles will
n—a, =B andmt - y.

2. If adirected line L passes through the origin and makes angles «, g and y with the x, y and z
axes respectively, then

A =cos a, m=cos f and n =cos y are called direction cosines of line L.
3. For agiven line to have a unique set of direction cosines, a directed line is used.

4. The direction cosines of the directed line which does not pass through the origin can be
obtained by drawing a line parallel to it and passing through the origin.

A}Z
L

5. Any three numbers which are proportional to the direction cosines of the line are called
direction ratios. If A, m and n are the direction cosines and a, b and c are the direction ratios
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of a line, then A = ka, m = kb and n = kc, where k is any non-zero real number. Futures Koy

6. For any line, there are an infinite number of direction ratios.
7. Direction ratios of the line joining P(x1, y1, 1) and Q(xa, y2, z2) may be taken as
X2-X1,¥2-Y1,22— 210 X2 -X2,Y1-Y2,21- 22
8. Direction cosines of the x-axis are cos0, cos90, cos90, i.e., 1, 0, O.
Similarly, the direction cosines of the y-axis are 0, 1, 0 and the z-axis are 0, 0, 1, respectively.
9. Alineis uniquely determined if
1. It passes through a given point and has given direction ratios
OR
2. It passes through two given points.
10.Two lines with direction ratios aj, a;, as and bs, b, bs, respectively, are perpendicular if
aiby +azby +a3b3 =0

11.Two lines with direction ratios ai, a;, as and by, b, bs, respectively, are parallel if

a, a

<
bz b3

12.The lines which are neither intersecting nor parallel are called as skew lines. Skew lines are
non- coplanar, i.e., they do not belong to the same 2D plane.

Z

N

G _F

DI

X

GE and DB are skew lines.

13.The angle between skew lines is the angle between two intersecting lines drawn from any
point (preferably through the origin) parallel to each of the skew lines.
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14.1f two lines in space are intersecting, then the shortest distance between them is zero.  ;,2%%,

15.1f two lines in space are parallel, then the shortest distance between them is the
perpendicular distance.

_,»")e l, m

16.The normal vector, often simply called the ‘normal’ to a surface, is a vector perpendicular to
a surface.

+——— Nomal

#——— Plane

17.1f the three points are collinear, then the line containing those three points can be part of
many planes.

18.The angle between two planes is defined as the angle between their normals.

19.If the planes Aix+Bi1y+Ciz+ Di=0and A, x+Byy +Coz+ D, = 0 are perpendicular to each
other, then A1A;+ BB, + C:C, =0

If the planes Ajx+ Byy + Ciz + D; = 0 and Axx + By + Coz + D, = 0 are parallel, then
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Bl Cl Future's Koy

B, C

>|»

2

20. The angle between a line and a plane is the complement of the angle between the line and
the normal to the plane.

line

nommal———

plang

21.The distance of a point from a plane is the length of the unique line from the point to the
plane which is perpendicular to the plane.

N

>
7

Top Formulae

1. Direction cosines of the line L are connected by the relation 1> + m2 + n? = 1.

2. If a, b, and c are the direction ratios of a line, and |, m, and n are its direction cosines,
then

a C
b +

f:iﬁ M=t , N = T
Ja’+b’+c JaZ+b2+c? JaZ+bZ+c2

3. The direction cosines of the line joining
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P( X1, Y1, 1) and Q( X2, Y2, Z2) are Futunds Koy

7% YoV, 4,02

PQ " PQ ' PQ

where PQ:J(xz_x1 )2+(YE-Y1 )2+(Zz_21)2

4. Vector equation of a line which passes through the given point whose position vector is a

. b is r=a+ib
and parallel to a given vector
5. If coordinates of point A are (x3, y1, z1) and direction ratios of the line are a, b, c, then
XXy YY1 Z7Z

cartesian form of equation of lineis: @ b &

6. If coordinates of point A are (x1, y1, 1) and direction cosines of the line are |, m, and n,
X=% _Y-Y1_2-2%
then Cartesian equation of line is: * m n

7. The vector equation of a line which passes through two points whose position vectors are

a and b isF=a+i(b-3a)

8. Cartesian equation of a line which passes through two points (x1, y1, 1) and (X, Y2, z2) is

X—X, - Y—Y: — £L—-Z
X, =Xy Y=Y, Z, —Z4

X=X, Y-Y Z-Z;

9. The parametric equations of the line 2 b ¢ are

X=X, +ar,y=y, +br,z=2z +cr,where r eR

x-0 y-0 z-0

. . or y=0 and z=0
10.Equation of the x-axis: 1 0 0

x—OZy—Dzz—O

0 1 0 or x=0 and z=0

11.Equation of the y-axis:

x-0_y-0_2-0 ; v—0and y=0

12.Equation of the z-axis: 0 0 1

13.Conversion of a Cartesian form of an equation of a line to a vector form:
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Let the Cartesian form of an equation of linebe a b c
Hence, the vector form of the equation of the line is

r= (x1?+ ylj + zllz) + l(aji\ + bj + Clz] where ) is a parameter.

14.Conversion of a vector form of the equation of a line to the Cartesian form:

Let the Cartesian form of the equation of a line be
r=a+am, where a=x,i+Y,j+zk and m=ai+bj+ck
and A is a parameter

Then the Cartesian form of the equation of the line is
X =X, _ Y—-Y, :Z—Z1 Y
a b C

15.Angle 6 between two lines L; and L, passing through the origin and having direction ratios
a1, b1, C1 and d> ,bz, Cz is

oS0 — a;a,+b;b,+¢C;
Ja12+b12+c12 \/522+b22+c22
J(@1by-azb;) >+ (b1C,-b,C1) +(c a,-C.25) >
Orsing =

Ja12+b12+c12 Ja22+b22+c22

16.Condition of perpendicularity: If the lines are perpendicular to each other, then a;a, +
blbz + C1Cy = 0.

17.Condition of parallelism: If the lines are parallel, then & e

18.Equation of a line passing through a point having position vector k and perpendicular to
r=a +mb, and r=a, +mb, is r =k + m(b, xb,)
the lines
19.To find the intersection of two lines:

Consider the two lines:

X=X Y=Y _2-2Z X=X _Y-Y, 2-%

9, b, ¢ 9, b, G

Step (i): The general coordinates of general points on the given two lines are

(alk + X3, b1k + VY1, C1k + 21) and (azm + Xp, bzm +Vy, CoMm + Zz)
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Step (ii) Equate both the points

Future's Koy

Thus, we have aik + x; =azm + X, bik+yi =bom +vy,, CGik+2z; =com+ 2,

Step (iii): Solve the first two equations to get the values of k and m. Check whether the
point satisfies the third equation also. If it satisfies, then the lines intersect, otherwise
they do not.

Step (iv): Substitute the values of k and m in the set of three equations to get the
intersection point.

20.To find the intersection of two lines in the vector form:
Let the two lines be
r= (a1i+a23+a3|2) +k(bﬁ+sz+b3|’<‘)....(1)
[ (al’i+ aj+ a3'|2) + m(bl’h b, j+ b;ﬁ)....(Z)
Step (i): Position vectors of arbitrary points on (1) and (2) are
(aﬁ - azj + a312) + Kk (bli\+ bzi - b3|2)
(aﬁ +a)j+ a3'12) + m(bﬁ +b,j+ b3'I2)
Step (ii): Because the lines (1) and (2) intersect, they intersect each other, and their
points of intersection are as follows:
ai+ kai’ =b1+ mby': a; + kay’ = by + mb,y’; az + kas’ = bz + mbs’

Step (iii): Solve any two of the equations to get the values of k and m. Substitute the
values of k and m in the third equation to check whether it satisfies it. If it does satisfy it,
then the two lines intersect, otherwise they do not.

Step (iv): Substitute the values of k and m to get the point of intersection.

21.Perpendicular distance of a line from a point: Let P(u, v, w) be the given point.
X=X Y=Y _Z-2%
let @ b C  bethe given line.
Let N be the foot of the perpendicular.

Then the coordinates of N are,

a(u-x,)+b(v-y,)+c(w-z)

(Xl +ak, Yi+ bkle + Ck)' where k= a’ +b*+¢?

Now, the distance PN can be determined using the distance formula.

22. Perpendicular distance of a line from a point when it is in the vector form:
Step (i): Let P(u) be the given point. Let 7 - a + kb be the position vector of the line.

Step (ii): Find PN - Position vector of N — Position vector of P
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Step (iii): PN.b =0 Futm e
Step (iv): Get the value of k
Step (v): Substitute the value of kin 7 - a + kb

Step (vi): Compute |ﬁv’| to obtain the perpendicular distance.
23.Skew lines: Two lines are said to be skew lines if they are neither parallel nor intersecting.

24.Shortest distance: The shortest distance between two lines L; and L; is the distance PQ
between the points P and Q, where the lines of shortest distance intersect the two given
lines.

25.The shortest distance between two skew lines L and M having equations

26.Condition for two given lines to intersect: If the lines 7 = d + kb, and 7 = @, + kb>
intersect, then the shortest distance between them is zero.

Thus,

27.The shortest distance between the lines in the Cartesian form

X=X, _ Y=Yy _ 222 X=X _ Y-V, _Z-%

an
a, b, C Q, b, C,
is given by
X=X Ya=Y1 4274
al bl Cl
d - a2 b2 C2
\/( |-."1C2 - b2C1 )2+(C1<':12 —Ga, )2+(a1b2 - azb1 )2
- — — L — ~ bx(a.-a.
r=a +Ab and r=a, +ub isd= %2'&1).

28.Distance between parallel lines
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29.The equation of a plane at a distance d from the origin where fi is the unit vector normal, .,

to the plane, through the origin in vector form, is rn=d.

30.Equation of a plane which is at a distance of d from the origin and the direction cosines of
the normal to the plane arel, m, nis Ix+ my + nz = d.

31.The general equation of the planeisax+ by +cz+d=0.

32.The equation of a plane perpendicular to a given vector N and passing through a given

r-a).N =0.

point d is

33.The equation of a plane perpendicular to a given line with direction ratios A, B and C and
passing through a given point (X1, y1, 1) is A(x - x1) + B(y - y1) + C(z-z1) =0

34.The equation of a plane passing through three non-collinear points in the vector form is

givenas (17a)-[(b-a)x (c-a)=

35.Reduction of the vector form of the equation of a plane to the Cartesian equation:

Lo FEXIHYI+ZK, a=ai+a,j+ak and n=n,i+n,j+nKk

Then the Cartesian equation of a plane is,
(x—a,)n, +(y-a,)n, +(z—a;)n, =0

36.The vector equation of the plane passing through the points having position vectors @, b
and C is

=!

=(1-m-n)a+mb +nc (parametric form)

_‘F !

(axb)+r-(bxc)+r-(cxa)=a-(bxc)  (non-parametric form)

37.The equation of a plane passing through three non-collinear points (x1, y1, z1), (X2, Y2, Z2)
and (xs, ys, z3) in the Cartesian form is

X=X1 Y—Y: Z—1Z4
Xp =Xy Y2-Y1 Z-24 =0
X3—=Xy Yz3—Y1 4344
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£+!+E =1, Future's Koy
38.The intercept form of the equation of a planeis @ b ¢ where a, b and c are the
intercepts on the x, y and z-axes, respectively.
%
»
C(00.c)
N
\B(O,b,O)
o) e
Ala, 0,0}
39.Any plane passing through the intersection of two planes "™ ~ diand r.n, =d; g given
by r.(n +An, ) = d, + Ad,
40.The Cartesian equation of a plane passing through the intersection of two planes
Aix+Biy+Ciz=diand Axx+Boy+Coz=d, is
(Axx + By + Ciz=dq) + M(Ax +Bay + Coz - d2) =0
41.The equation of the planes bisecting the angles between the planes
ax+by+cz+d =0 and a,x+b,y+c,z+d, =0 is given by
ax+by+cz+d _ ia2x+b2y+czz+d2
\/alz +b,® +¢,° Ja,2 +b2 +c,?
X=X _ Y-y, _Z-%
42.The angle 6 between a line ! m N and the plane ax + by + cz+ d = 0 is given
by the following relation:
. al+bm+cn
SIno =
Ja2 +b2 + 2 AP +m? +1?
43.1f a line is perpendicular to a normal to the plane, then it is parallel to the plane.
44.If a line is parallel to a normal to the plane, then it is perpendicular to the plane.
45.The line 7 - @ + kb lies in the plane # i=difd.i=dandb .7 =0
Website - www.fukeyeducation.com, Email :- fukeyeducation@gmail.com (11)
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X=X _ Y=Y, _2-2 Juturds Koy
| m n

46.The line

lies in the planeax+ by +cz+d=0if

ax, + by, + cz, + d = 0 and al+bm+cn=0.

X=X, _Y-Y, _2-2

47.The equation of a plane containing the line | m n
a(x-x,)+b(y-y,)+c(z-z,) =0, where al+bm+cn=0.

r=aq

48.The given lines +AD, anggll =2, + Lo, are coplanar if and only

(5 -).(F+B) -0

49.Let (x1, Y1, z1) and (X2, y2, Z2) be the coordinates of the points M and N, respectively. Let ay,

bi, c1 and ay, by, ¢, be the direction ratios ofE and E’, respectively. The given lines are
coplanar if and only if,

X=Xy Yo Y:1 4,74

a b, ¢, | =0
a; b, C,
X — X - —Z X — X - zZ-7Z
50. Two lines S And S L and 2 Y =Ys _ 2 are coplanar if
al bl Cl a2 bZ CZ
X=X Yo=Y -4
a, b, c, [=0
aZ bZ CZ

51.The equation of the plane containing the lines

X —X - z-2 X —X - zZ-2, .
1=y y1= 1 and 2=y y2= 2 s
al bl cl a2 b2 C2
X=X, Y-V, 4L, -4 X=X, Y=V, Z-24,
a, b, c, |=0or| a b, c, |=0
aZ b?_ c2 2 bZ CZ

52.1f n; and n, are normals to the planes 7.1 = d; and 7.7, = d2, and 6 is the angle between
the normals drawn from some common point, then
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cos O =

|

Yukey

-&k‘

Future's Koy

53.Let 6 be the angle between two planes Aijx + By + C;z + D=0 and Ayx + Boy + C.z + D, = 0.

The direction ratios of the normal to the planes are A;, B1, C1 and A;, B, C,.

A,A,+B,B,+C,C,
JAf +B,>+C 2 JA22+ B,2+C,2

cos 0 =

54.The angle 6 between the line and the normal to the plane is given by

n b.n
COS(— - 9) = ==
2/ [effn
. b.n
= SIN6 = ——
el
__ [aR-d
rN =dis |N‘ ,
55.The distance of point P with position vector a from a plane where N is
the normal to the plane.
— d
rN=dis u
N —
56.The length of the perpendicular from the origin O to the plane ‘ | where N

is the normal to the plane.
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i (i) two skew lines is the line segment perpendicular to both the lines :
(ii) =ay +Aby and r=ax+pbs is | (brxb2 ) (a2~ 2 :
|F11XE:

Yy-n_z

(i) 2= =
b

a

\/(hx & =by¢ ): +(aa-ca )1 +(a,b,-a,b, )1

e ___hx(—a,)

(iv) Parallel line r=a,+Ab and r=a,+pb is ——=

i (i) which is at distance 'd' from origin and D.C.s of the
normal to the plane as [,m,n is Ix+my+nz=d.

i (ii) Lr to a given line with D.Rs. A,B,C and passing

; through (x,y,z,) is A (x-x,) + B (y—y,) +C (z-z,) = 0
: (iii) Passing through three non-collinear points

(X, Yu2) (X,Y52), (X,Y52) is| X=X Y=y

Xo=H Yo =N

Vi=h Z—%

Shortest distance
between

z—7

z,—z,|=0.:

X%

. (1) which contains three non-collinear points having posmor{

'VLCtOrsu b,cis (F-a). [(B a)x(e- a)] 0.

(u) That passes through the intersection of planes r .7 =

Equation of a
plane

d&:
Py . =d,is r(n +l.n) d+)\.d A= Hon.Zer constant 5
.

Vector equation of a
plane

Three dimensional
Geometry

Two lines r =a, + Ab, r = a, + pb, are coplanar if
(;1 ;‘) (l;, X l;): 0.Equation of a plane that cuts co-ordinate

axes at (a,0,0), (0,b,0), (0,0,¢) is ;r + 24 é =18

b

Characteristics of
planes

The distance of a point with postion

vector g from the plane r.n = d is ‘d a. n| The distance from a
Ax, + By, + Cz, + D

JA +B +C*

‘point(x,, »,z ) tothe planedx + By + Cz + D = 0is ‘

Angle between two
lines

£1f '9'is the acute angle :
 between r =g, +Ab ,r =a, +Ab,

then, cosf = g :
: 55
i EoH_Yn _Zg
: I, m n,
: X=X _
2 L
: are the equations of two lines, :
ithen acute angle between
: them is cos® =|l, .., +m, .m, +n, .n,

Class : 12th Maths
Chapter- 11: Three dimensional Geometry

Line of vector
equations in 3D

:D. Cs of a line are the cosines of the angles made by the line with the E
posmve direction of the co-ordinate axes. If |, m, n are the D. Cs of a llne,:
:thenI + m’ + n’ = 1. D. Cs of a line joining P (x,, v, z,) and Q (x, , 2,)

are S5 Mol Boh where PO JE&=-x)+0r=-n)+ (=)
:D Rs of a line are the no.s which are proportional to the D.Cs of the

-lme if I, m, n are the D.Cs and 4, b, c are D.Rs of a hne, then

a
= ,m= ,n=

Direction ratios
and direction
cosines of line

These are the lines in space
which are neither parallel
nor intersecting. They lie in
different planes. Angle
between skew lines is the
angle between two
intersecting lines drawn
from any point (origin)
parallel to each of the
skew lines.

Skew lines

Angle between the two
lines

:ifl,, my, n,, 1, m,, n,are the D.Csand a, b, c, a, b, c,

‘are the D.Rs of the two lines and '6' is the acute angle

‘between them, then |

: ara, 16 b, £f0re) |
2 cosO =|, 1, +m, m, +n, n,|= 1 L

|\/a, +b“+cI \/a2+b +c2

EngEEn s RERn srasammmann saEmsnmn

Jector equation of a line
passing through the given point whose position :
ivector is @ and parallel to a given vectorb isr = a + Ab }

{ Vector equatxon of aline
Wh]Ch passes through two points whose posmon.
.vectors aregand b is r=a +\ (b a) :

: Equation of a fine "

: through point (x,, y,, z,) and having D.Cs |, m, n 1s
E Ko xl y yl Z—
. m n
i passes through two points.

2= Also, equation of a line that :
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Important Questions Jute's He

Multiple Choice questions-

1. Distance between two planes:
2x+3y+4z=5and 4x+ 6y +8z =12 is
(a) 2 units

(b) 4 units

(c) 8 units

(d) %_9 units.
2. The planes 2x -y + 4z =3 and 5x - 2.5y +10 z = 6 are
(a) perpendicular

(b) parallel

(c) intersect along y-axis
5
(d) passes through (O, 0, Z)

3. The co-ordinates of the foot of the perpendicular drawn from the point (2, 5, 7) on the
X-axis are given by:

(a) (2,0,0)
(b) (0,5, 0)
(c) (0,0,7)
(d) (0,5, 7).

4.1If a, 13, y are the angles that a line makes with the positive direction of x, y, z axis,
respectively, then the direction-cosines of the line are:

(a) <sinq, sinf3, siny >

(b) <cos a, cos 3, cosy >
(c)<tana,tanf3, tany >

(d) < cos? a, cos? 13, cos? y >.
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5. The distance of a point P (a, b, ¢) from x-axis is P
(a) VaZ + 2

(b) Va? + b?

(@) Vb% + ¢?

(d) b* + 2.

6. If the direction-cosines of a line are <k, k, k >, then

(aA)k>0

(b)0<k<1

(k=1

1 1
(d)k—\/—gor-\/—g

7. The reflection of the point (a, f3, Y) in the xy-plane is:
(a) (o, %5, 0)

(b) (0,0,v)

(c) (o, -, v)

(d) (o, 3, -y).

8. What is the distance (in units) between two planes:
3x+5y+7z=3and 9x + 15y + 21z =9?

(a)o

(b)3

() 75

(d) 6.

9. The equation of the line in vector form passing through the point (-1, 3, 5) and parallel

. x—3 -4 .
tollne7=yT,z:21s

(@) 7#=(-1+ 3] +5k) +A (21 +3] + k)
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(b) # = (-i + 3] + 5k) + A (21 + 3)) Suduogs Ky
(c) 7= (20 + 3] —2k) + A (-1 + 3] + 5k)
(d) 7 = (2 + 3]) + A (-i + 3] + 5k).

y—1

10. Let the line x;Z =—= Z;Z lie in the plane x + 3y - az + R = 0. Then (a, ) equals:

(a) (-6,-17)
(b) (5, -15)ss

(c) (-5,5)

(d) (6,-17).

Very Short Questions:

1. Find the acute angle which the line with direction-cosines < \/is_), \/ig, n > makes with

positive direction of z-axis. (C.B.S.E. Sample Paper 2018-19)

2. Find the direction-cosines of the line.

_1 5_1 e r ol ‘] 'l
—5~ = —y = 5~ (CB.SEE Sample Paper 2018-19)

—

3. If a, B, y are direction-angles of a line, prove that cos 2a + cos 2P + cos 2y +1 = 0.
(N.C.EE.R.T.)

4. Find the length of the intercept, cut off by the plane 2x + y - z = 5 on the x-axis.
(C.B.S.E. Outside Delhi 2019)

5. Find the length of the perpendicular drawn from the point P(3, -4,5) on the z-axis.

6. Find the vector equation of a plane, which is at a distance of 5 units from the origin
and whose normal vector is 21 - j + 2k

7. If a line makes angles 90°, 135°, 45° with the x,y and z-axes respectively, find its
direction cosines.

8. Find the co-ordinates of the point where the line through the points A (3,4,1) and B
(5,1, 6) crosses the xy-plane.

9. find the vector equation of the line which passes through the point (3,4,5) and is
parallel to the vector 21 + 2f - 3k

Short Questions:
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Yukey

-‘!!O
1. Find the acute angle between the lines whose direction-ratios are: P

<1,1,2>and<-3,-4,1 >.
2. Find the angle between the following pair of lines:
and

—z+2 _ y—1 _ z+3 r+2 _ 2y-8 25
) _T_—_?.and —1 — 4 T 3

and check whether the lines are parallel or perpendicular. (C.B.S.E. 2011)

3. Find the vector equation of the line joining (1.2.3) and (-3,4,3) and show that it is
perpendicular to the z-axis. (C.B.S.E. Sample Paper 2018-19)

. . ... 6 .
4. Find the vector equation of the plane, which is T at a distance of

units from the origin and its normal vector from the origin is 2i -3j + 4k. Also, find its
cartesian form. (N.C.E.R.T.)

5. Find the direction-cosines of the unit vector perpendicular to the plane 7 -(6i - 3] -
2k) +1 = 0 through the origin. (N.C.E.R.T.)

6. Find the acute angle between the lines

— y+3 F — +1 =z
r—4 -I—laﬂd;nl_ﬂ _ z410

3 4 D E -3 5
7. Find the angle between the line:

7= (1-]+k)+A2i-7+3k) and the plane # (21 + j - k) = 4 Also, find whether the
line is parallel to the plane or not.

8. Find the value of ‘A’, so that the lines:

1-x  7y-14 z-3 7—7 -5  6— _ _ _
3x = y,l = Zz and 3/1x = y1 = 52 are at right angles. Also, find whether the lines

are intersecting or not

Long Questions:

"

1. Find the shortest distance between the lines: # = (41 - }) + A(i + 2f - 3k) and 7 = (I -
+2k) + u(21 + 4j - 5k) (C.B.S.E. 2018)

2. Aline makes angles a, 3, y, 6 with the four diagonals of a cube, prove that:

Website - www.fukeyeducation.com, Email :- fukeyeducation@gmail.com
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11 THREE-DIMENSIONAL GEOMETRY

cos? a + cos? 3 + cos? y + cos? 6= %. (N.C.EE.R.T))

GiF

:
E

3. Find the equation of the plane through the line x? =7 ;4 = Z__; and parallel to the line:

x+1 1=y z+2
2 4 1

Hence, find the shortest distance between the lines. (C.B.S.E. Sample Paper 2018-19)

4. Find the Vector and Cartesian equations of the plane passing through the points (2, 2,
-1), (3,4,2) and (7,0,6). Also, find the vector equation of a plane passing through
(4,3,1) and parallel to the plane obtained above. (C.B.S.E. 2019)

Case Study Questions:
1. Suppose the floor of a hotel is made up of mirror polished Kota stone. Also, there is a

large crystal chandelier attached at the ceiling of the hotel. Consider the floor of the hotel
as a plane having equation x - 2y + 2z = 3 and crystal chandelier at the point (3, -2, 1).

Based on the above information, answer the following questions.

(i) The d.r'.s of the perpendicular from the point (3, -2, 1) to the plane x - 2y + 2z = 3,
is:
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a. <1,2,2> Futands Koy
b. <1,-2,2>
c. <2,1,2>
d <2,-1,2>

(ii) The length of the perpendicular from the point (3, -2, 1) to the plane x - 2y +
2z =3, 1s:
2 .
a. gunits
b. 3 units

C. 2 units
d. None of these

(iii) The equation of the perpendicular from the point (3, -2, 1) to the plane x - 2y + 2z

=3, is:
x—3 _ y-2 _ z-1
&7 T T2 T T2
b x—3 _ y+2 _ z-1
1 -2 2
x+3 _ y+2 _ z-1
1 =2 2

d. None of these

(iv) The equation of plane parallel to the plane x - 2y + 2z = 3, which is at a unit distance
from the point (3, -2, 1) is:
a. x-2y+2z=0
b. x-2y+2z=6
C. X-2y+2z=12
d. Both (b) and (c)

(v)The image of the point (3, -2, 1) in the given plane is:

d. None of these
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2. Consider the following diagram, where the forces in the cable are given. Fulas Ky

Based on the above information, answer the following questions.

I. The equation of line along the cable AD is:

x ¥y _ z—30
a5 =4~ 15

x ¥y _ z—30
b-F =% = 15
CE_E_ED—E
5 T 4 7 15
"4 5 15

Ii. The length of cable DC is:

a 4/61m
b 5¢/61m
c 64/61m
d 7v/61m
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11 THREE-DIMENSIONAL GEOMETRY :j;ihz

iii. The vector DB is: P
a —61+4j — 30k
b 61 — 4) + 30k
c. 61 +4j + 30k
d. None of these

iv. The sum of vectors along the cables is:
a 171 + 6] + 90k
b 171 — 6] — 90k
c. 171 + 6] — 90k
d. None of these

v. The sum of distances of points A, B and C from the origin, i.e., OA + OB 4+ OC is:

a. v/ 164 + /52 + /625
b.v/52 + /625 + /48
c v/164 + /625 + /49

d. None of these

Answer Key-
Multiple Choice questions-

1. Answer: (d) \/%_9 units.

2. Answer: (b) parallel

3. Answer: (a) (2, 0, 0)

4. Answer: (b) <cos «, cos f3, cos y >
5. Answer: (c) Vb2 + c2

6. Answer: (c) k=1

7. Answer: (d) (o, 13, -y).
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8. Answer: (a) 0 Tutmne s
9. Answer: (b) # = (-1 + 3j + 5k) + A (21 + 3))

10. Answer: (a) (-6,-17)
Very Short Answer:

1. Solution:

12+m?2+n2=1

1 2 1 2 2
(%) + (%) =

1
Thus, cos a = —=
) \/E

s
Hence, o = 45° or "

2. Solution:

i : i = W B 2+1
The givenlinelis == = = 5

[ts direction-ratios are <2, -1, 2>.

Hence, its direction- cosine are:

2 | 2

2z T
Va+1+4 Ja+1+4 Ja+1+4

<

2 -1

. 2 21 =2
e <=, —,=>por<—,—,—>
Le 3733 or 3'3' 3

3. Solution:
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Since a, 3, y are direction-angles of a line, P

s cos2a+cos2PB+cos2y=1

2 -1 2
{—--—--, !_,___:_‘
Ja+1+4 Ja+1+4 Jat1+4
2.1 2 21 =2
<2, — Zsor<s, =, —>.

he 3'3° 753373

= 1+ cos2a+ 1+ cos2B + 1+ cos2y=2
= cos 2a + cos 2B + cos 2y + 1 = 0, which is true.
4. Solution:

The given plane is2x+y -z =5

x 4 ¥, = _
;3552_'_5—'_—5_1

Its intercepts are ﬁ, 5 and -5.

Hence, the length of the intercept on the x-axis is %

Solution:

Length of the perpendicular from P (3, -4,5) on the z-axis
- /BT (9P
= /94 16 = /25 = 5 units.

5. Solution:

letn =27 — j + 2k
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T‘hen,lﬁl:,}4+l+4=~f§:3, Futund's Koy
ioo2i-j+2k

Now, n = T:—i—
|7l 3

Hence, the reqd. equation of the plane is:

r. E;—l}-fgﬁ =5
3 3 3

= 7. (20 -j+2k)=15.
6. Solution:

Direction cosines of the line are:

< cos 90°, cos 135°, cos 45° >

<0 —i_, 1
V242
7. Solution:

The equations of the line through A (3,4,1) and B (5,1,6) are:

= = = (1)

Any point on (1) is (3 + 2k,4- 3k, 1 + 5K) .... (2)
This lies on xy-plane (z = 0).

~1+5k=0=k=-:

Putting in (2),[ 3 - é, 4 + E, 1-1)

. 13 23
1.€. (?, ?, 0)

which are the reqd. co-ordinates of the point.
8. Solution:

The vector equation of the line is ¥ = a + Aim

ie, 7= (31 +4]+5k)+A(21 + 2] - 3k)
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Short Answer: Futune's Yoy

1. Solution:

|'“1 a, +b b, + Cz[
.faf +b} +cf\f'a§ +b; +c?

cosB=

T V141449416 +1

_ |-3-4+2 5

V626 - J156
5
- R [——
Hence, 8 = cos ( 56 |-

2. Solution:

The given lines can be rewritten as:

—x+2 _ y—-1 =43 -
_2 —_ ? — _—3 .............. {'IJ

z+2  2y-8

-1 4 _ 4 T (2}

Here <2,7,-3 >and < -1,2,4 > are direction- ratios of lines (1) and (2) respectively.

DED+HD @ +(=3) @)
VA+49+9 . 1+4+16

—2+14=12

— e e

V62 V21

0 7T
= = .
2

Hence, the given lines are perpendicular.
3. Solution:

Vector equation of the line passing through
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(1.2.3)and(-3,43)is 7 = @ + A(b — @) s
where @ = i +2j + 3kand b= —3i + 4 + 3k
=7 = (i + 2] + 3k) + A(—47 +27) .(1)
Equation of z-axis is 7 = ,ufc (2)
Since (—41 + 25) - k=0=0
« Line (1) is perpendicular to z-axis.
4. Solution:
Let n=21 -3} +4k .
Then Inl=J3+9+16=+29.

o 2i-3j+4k

- v29
n

A
Now n=
I

Hence, the reqd. equation of the plane is :

In Cartesian Form :

( i+y]+ E)[ 244 i+ h E] 2
xi IK)| =1t =k |=F=
N J2o ol TIm ) I

A

(x)[j-_}, [ﬂi][i]_ﬁﬂ
=W 9 ) V29 v29 ) 29
= 2x-3y+4z=6.

5. Solution:
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The given planeis 7 - (61 — 3§ — 2k) +1=0 e
7o(67—37—2k)=1 ... (1)
Now | — 67 + 35 + 2k| = /36 + 9 + 4
49 =7
Dividing (1) by 7,

F'(——‘E—I—T_}' %Eﬂ):%

which is the equation of the planein the form 7 - = p

~_ 62, 3% 271
ThUS.ﬂ E— —??, + ?j + ?k
which is the unit vector perpendicular to the plane through the origin.
Hence, the direction-cosines of i are < ——?, %, —3 >

6. Solution:

Vector in the direction of first line

z—4  y+3 241
3 4 5

b= (3i+4j + 5k)

Vector in the direction of second line

r—1 Y+l 2410

4 -3 5
d =47 — 3]+ 5k

=~ 0, the angle between two given lines is given by:
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cos 0= —_—— Futuoes Ty
il
(37 +4] +5k)- (4 -3] + 5k)
T i +4j+5k|jai 3]+ 5K

BB+ @3 +G)G3)

= J9+16+2516+9+25
12-12425 25 1
= Js0450 T 50 2°
T
Hence, 8= 3
7. Solution:

The given line is:

F=(i—j+k)+A2i—j+3k)

and the given planeis 7 - (25 + 3? —k)=4

oty

Now the line is parallel to 27 - } + 3k and nor-mal to the plane 2i+1 -k

If ‘9’ is the angle between the line and the plane,

then (% — 9) s the angle between the line and normal to the plane.

Then

(n B) Qi-j+30).Qi+j-k)
s [E-0] - + 34 —k)

1||'4+1+91(‘4+1+1

4-1-3
= sin O = m=
=D 0= 0.

Hence, the line is parallel to the plane.
8. Solution:
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(i) The given lines are Futunda Koy
1-z _ Ty—14 23 10
3 T Ty T g e (1)
T—Te _ Y5 _ 6=z \
and . = 1 = g (2)

These are perpendicular if:
: 3A A

-2 =D +2(-5)=0
( 3)( T]+[?]U +2(-5)

it 2o 0-0i %10,
777 7

Hence A = 1.

(ii) The direction cosines of line (1) are <-3,1,2>
The direction cosines of line (2) are < -3,1, -5 >
Clearly, the lines are intersecting.

Long Answer:

1. Solution:

Comparing given equations with:
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&
Futurds Hoy

Now, b, xb, =
= [(-10412)— }(~5+6)+ k(4—d)= 2 —]

. —-

.. |b, X b,

= \/(:.jl]2+|(—1;|:"+'tl2
= Ja+140 = 5.

Also, a—a, = (f—j+25)—(4f—j}

= —3i+2k.

l{zé’ —J) - (=3i +26)|

V5 |

(2X=3)+(=1)(0)+(0)2)|
V5 |

|

2. Solution:
Let O be the origin and OA, OB, OC (each = a) be the axes.
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'Y

X
Thus the co-ordinates of the points are :
0(0,0,0),A(a,0,0),B(0,a,0),C(0,0,a),
P(a a,a),L(0,a a),M(a 0,a),N(a a, 0).

Here OP, AL, BM and CN are four diagonals.

11 THREE-DIMENSIONAL GEOMETRY

Let <1, m, n > be the direction-cosines of the given line.

Now direction-ratios of OP are:
<a-0,a-0,a-0>i.e.<a,a,a>
Le.<1,1,1 >,

direction-ratios of AL are:
<0-a, a-0, a-0> i.e. <-a,a,a>
iLe.<-,1,1>,

direction-ratios of BM are:
<a-0,0-a, a-0>
i.e.<a,-a,a>ie.<1,-1,1>

and direction-ratios of CN are:
<a-0,a-0,0-a> i.e. <a,a,-a>

Le.<1,1,-1>.
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Thus the direction-cosines of OP are: P

1_ 1_ 1_
vfg ! xe"? ! v‘xg

<

=

the direction-cosines of AL are:

.;::_

v.ﬁ 3 V.ﬁ ¥ v’ﬁ
the direction-cosines of BM are:

< 1 IS

B A

and the direction-cosines of CN are:

If the given line makes an angle ‘@’ with OP, then:

1 1 1
oo (5 on{ 5 o)
[{+m+n|
Socos Qo= —ﬁ (1)
If the given line makes an angle ‘B’ with AL,
then :
cos ff = ‘I(—L]+m L)+n[l]f
N IARYEY A VY AR W
—1 ‘
socos P = l% (2)
Similady, cos y = “_"'T”l ()
I+m— .
and cos 6 = +$—%”' - (4)

Squaring and adding (1), (2), (3) and (4), we get:

cos? a + cos? 3 + cos? y + cos28

= % [(1+m+n)?+ (-1 + m+n)?
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+ (I-m + n)? + (1 + m — n)?] Sl Ko
= 3 B2+ m?+n?) = 3 [4(1)]
Hence,cos? a + cos? B + cos? y + cos?6 = %

3. Solution:

The two given lines are:

-1 _ y4 24 .

32 2 e (1)
z+1 1y 242

and 5= = = = 7 (2)

Let <a, b, c> be the direction-ratios of the normal to the plane containing line (1).
~ Equation of the plane is:

a(x-1) + b(y-4) + c(z-4) ...(3),

where 3a+ 2b-2c=0...(4)

[* Reqd. plane contains line (1)] and 2a—4b + 1.c=0

[~ line (1) a parallel to the reqd. plane] Solving (4) and (5),

b_<c k#0
=7 =16 =k, where k# 0.

a=6k b=Tkand c = 16k.
Putting in (3),
6k(x-1) + 7k(y -4) + 16k(z-4) =0
=6(x-1)+7(y-4)+16(z-4) =0
[k # 0]
= 6x+ 7y+162z-98 =0,
which is the required equation of the plane.

Now, S.D. between two lines = perpendicular distance of (-1,1, - 2) from the plane
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6(=1)+ 7(1)+16(—2) — 98
V(6) +(7) +(16)°

‘—6+?—32—93

J36+49+256
6(-1) + 7(1) +16(-2) - 98

Future's Koy
ie.S.D.=

129

= 141 units.

V(6)2+ (7)%+ (16)2
-6 + 7-32-98 V36 + 49 + 256

4. Solution:
(i) Cartesian equations
Any plane through (2,2, -1) is:
a(x-2)+b(y-2)+c(z+1)=0..(1)
Since the plane passes through the points (3,4,2) and (7,0,6),
~a(3-2)+b(4-2)+c(2+1)=0
anda(7-2)+b(0-2)+c(6+1)=0
=a+2b+3c=0..(2)

and 5a-2b+7c=0..(3)

. " a _ E] . C
Solving (2) and (S,J.HJFﬁ = 57— T5-10
o g RBgg
20 8 —12
b
= % 5 = _Lg =k (say), valuek# 0.

~a=>5kb=2kandc=-3k

Putting the values of a, b, c in (1), we get:
S5k(x-2)+2k(y-2)-3k(z+1)=0

= 5(x-2) + 2(y-2)-3(z+ 1) =0[~ k # 0]

=» 5x- 10 + 2y-4-3z-3=0

=» 5x + 2y-32-17 =0, ...(4)
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which is the reqd. Cartesian equation.
lts vector equationis 7 - (5% + 25 — 3k) =17.

(ii) Any plane parallel to (4) is

5x+2y-3z+A-0..(5)

Since it passes through (4, 3,1),

5(4)+2(3)-3(1)+A=0

=20+6—3+A=0

=>A=-23.

Putting in (5), 5x + 2y - 3z - 23 = 0, which is the reqd. equation.

Its vector equation is 7 + (54 + 2§ — 3k) = 23

Case Study Answers:

1. Answer:
I.(b)<1,-2,2>
Solution:
Equation of planeis x - 2y + 2z = 3
.. D.R.'s of normal to the plane are , which is also the D.R.'s of perpendicular

from the point (3, -2; 1) to the given plane.

Ii. (¢} 2 units
Solution:
Required length = Perpendicular distance from (3, -2, 1) to the plane x - 2y + 2z = 3

3-2(—-2)+2(1)-3

V/12+[—2}2+22

6 .
—E—Zumts

Website - www.fukeyeducation.com, Email :- fukeyeducation@gmail.com

Yukey

-&E

Future's Koy

(36)



THREE-DIMENSIONAL GEOMETRY }uﬁ.g?

-&E

x—3 _ yt2 z—1 Future's Koy
= =

(b)
Solution:

The equation of perpendicular from the point (xq, ¥4, 21) to the plane ax + by + cz = d is given by

Here, xy=3,y1=-2,zy=1anda=1,b=-2,c=2

_ +2 _
.". Required equation is x13 = }’_2 = Zgl

iv. (d) Both (b) and ()

Solution:

The equation of the plane parallel to the plane X — Zy +2z—3=0isx — Zy +2z4+A=0

MNow, distance of this plane from the point (3, -2, 1) is

3+4+2+A
11_,¥{19+|[—2)2+22

:‘EIH«‘
3

But, this distance is given to be unity

9+ A =3
= A4+9=43=A=-6
or-12

Thus, required equation of planes are

X-2y+2z-6=00rx-2y +22-12 =10
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v‘!!‘
_5 ‘4

v (a) (%%T) e

Solution:

Let the coordinate of image of (3, -2, 1) be
Q(r+ 3, -2r-2,2r+ 1)

Let R be the mid-point of PQ, then cocrdinate of R be

(r;ﬁJ —2;—4 T+ 1)

Since, R lies on the plane x - 2y + 2z = 3

3 (f;ﬁ) —2(‘2;“‘) +2(r+1)=3

=>9r=_12:>1.:_%
Thus, the coordinates of Q be (% : %, —Tﬁ) ‘
2. Answer:
i (d) %; — % _ %
Solution:

Clearly, the coordinates of A are (8, 10, 0) and D are (0, 0, 30)

', Equation of AD is given by

x0 "y 0 = 30—z

80  10-0 30

30—z

= 15

=R

x
!
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11 THREE-DIMENSIONAL GEOMETRY

i (b) D4/ 61m

Solution:

The coordinates of peint Care (15, -20, 0) and D are (0, 0, 30)

.". Length of the cable DC

= /(0 —15)? + (0 — 20)? + (30 — 0)?

— /225 + 400 + 900
— /1525 = /61 m.

iii. (a) — 61+ 43 — 30k
Solution:

Since, the coordinates of point B are (-6, 4, 0) and D are (0, 0, 30), therefore vector DB is
(—6 — 0)i + (4 — 0)j + (0 — 30)k,
e, —61+4) — 30k

v. () 171 — 6] — 90k

Solution:

Required sum
(81 +10j — 30k) + (—6i + 4] — 30k) + (151 — 20j — 30k)
171 — 6] — 90k

v. (a) v/ 164 + /52 + /625
Solution:

clearly, OA = vV 82 + 1[]2 = /164
OB = /62 +4% = /36 + 16 = /52
and OC = /152 + 20 = /225 + 400 = /625
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