MATHEMATICS

Chapter 10: Vector Algebra
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VECTOR ALGEBRA

Top Concepts

1. A quantity which has magnitude as well as direction is called a vector.

2. Adirected line segment is called a vector.

ux

The point X from where the vector starts is called the initial point and the point Y where it
ends is called the terminal point.

3. For vector XY, magnitude = distance between X and Y, denoted by XY, and is greater
than or equal to zero.

4. The distance between the initial point and the terminal point is called the magnitude of
the vector.

5. The position vector of point P = (x1. y1. z1) with respect to the origin is given by OP =7 =
Vg +yE + 21

6. If the position vector OP of a point P makes angles «, B and y with the x, y and z axes,
respectively, then «a, B and y are called the direction angles and cos «, cos B and cos y are
called the direction cosines of the position vector OP.

7. A=cos a, m = cos B and n = cos y are called the direction cosines of 7.
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8. The numbers Ir, mr and nr, proportional to I, m and n, are called the direction ratios of the
vector 7 and are denoted by a, b and c.

In general, >+ m?2+n?2=1,buta?+b?+c?# 1.

9. Vectors can be classified on the basis of position and magnitude. On the basis of
magnitude, vectors are classified as zero vectors and unit vectors. On the basis of position,
vectors are classified as co- initial vectors, parallel vectors, free vectors and collinear
vectors.

10.A zero vector is a vector whose initial and terminal points coincide and is denoted by 0.0
is called the additive identity.

11.A unit vector has a magnitude equal to 1. A unit vector in the direction of the given vector
d is denoted by @.

-

12.For a given vector a , the vector @ = % gives the unit vector in the direction of 4.

13.Co-initial vectors are vectors with the same initial point.

14.Collinear vectors are parallel to the same line irrespective of their magnitudes and
directions.

15.Two vectors are said to be parallel if they are non-zero scalar multiples of one another.

16.Equal vectors, as the name suggests, are vectors which have the same magnitude and
direction irrespective of their initial points.

17.The negative vector of a given vector d is a vector which has the same magnitude as d but
its direction is the opposite of a .

18.A system of vectors is said to be coplanar, if the vectors lie in the same plane.

19.Reciprocal of a vector: A vector with the same direction as that of the given vector a but
magnitude equal to the reciprocal of the given vector is known as the reciprocal of @ and
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Thus, if d is a vector with magnitude a, then |a=1| = %
20.A vector whose initial position is not fixed is called a free vector.
21.Two vectors can be added using the triangle law and parallelogram law of vector addition.

22.Triangle Law of Vector Addition: Suppose two vectors are represented by two sides of a

triangle in sequence, then the third closing side of the triangle represents the sum of the
two vectors.

—

PQ+QR =PR

23.Parallelogram Law of Vector Addition: If two vectors a and b are represented by two

adjacent sides of a parallelogram in magnitude and direction, then their sum a + b is
represented in magnitude and direction by the diagonal of the parallelogram.

OA +OB = OC

24.Vector addition is both commutative as well as associative.
Thus, (i) Commutative: For any two vectors a and b , we have
i+b =b +4d
(i) Associativity: For any three vectors, @, b, and ¢ , we have
(@+b)+¢ =d +(b+7)
25.Difference of vectors: To subtract a vector BC from vector AB , its negative is added to AB.
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BC'=.BC
AB +BC'= AC'
= AB—BC = AC'

I
o
+
o

26. For any two vectors @ and b, we have [a+b

1A
Q)
+
o

27. For any two vectors a and b, we have |a-b

b -

28. For any two vectors aandb , we have ‘é - B| > ||a| -

29.If @ is any vector and k is any scalar, then the scalar product of @ and kis ka. k a is also a
vector, collinear to the vector d.

k >0 = k ahas the same direction as d.
k<0 = k a has the opposite direction as a.
Magnitude of k a is | k| times the magnitude of vector k a.

30.Unit vectors along OX, OY and OZ are denoted by i, j and k, respectively.

=
Vi

P(x.y.2)

C{0,0.1)

= * ¥
- (V B(0,1,0)

X
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Vector OP = 7 = xi+ yj + zk is called the component form of vector r. Futunds Koy

Here, x, y and z are called the scalar components of 7 in the directions of and i, j and 12,
and

xi, yj and zk are called the vector components of the vector r along the respective axes.

31.Two vectors @ and b are collinear & b =k a, where k is a non-zero scalar. Vectors a and k
a are always collinear.

32.1f d and b are equal, then |d| = |b|.

33.1f P(x1, y1, z1) and Q (x2, Y2, Z2) are any two points, then the vector joining P and Q is P_Q) =

PO = (XX ) (Voo Vi )i4+(Zs-Z Vb
position vector of Q — position vector of P, i.e., Q= (XX )i +(Y2m91) 1 4(%2- %1 )k

34.Components of a vector in two dimensions: If Q is a point X(a, b), then
(i) OQ = ai + bj
(ii) |0_Q'\ = 2% +b?

iii. The components ofO_O)anng the x-axis is a vector ai whose magnitude is |a| and whose
direction is along OX or OX' as a is positive or negative.

iv. The components of 7@ along the y-axis is a vector bj whose magnitude is |b| and
whose direction is along OY or OY’ as b is positive or negative.

35. Components of a vector in three dimensions: If Q is a point X(a, b, c), then

(i) OQ =ai +bj + ck

(ii) |O—Q| =& +b* +c2

iii.The components of Fd along the x-axis is a vector al whose magnitude is |a| and
whose direction is along OX or OX' as a is positive or negative.

iv. The components of Fd along the y-axis is a vector bj whose magnitude is |b| and
whose direction is along OY or OY' as b is positive or negative.

v. The components of 0_Q> along the z-axis is a vector ck whose magnitude is |c| and
whose direction is along OZ or OZ’ as c is positive or negative.

36.Collinearity of vectors: If a and b are two collinear or parallel vectors, then there exists a
scalar k such that @ = kb.
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37.Two non-zero vectors d and b are collinear if and only if there exists scalars x and y, NOfuues sy

both zero, such that xa + yE =0.
38.1f G and b are any two non-zero non-collinear vectors and x and y are scalars, then
xa+yb=0=x=y=0.

39.Three points with position vectors d, b and ¢ care collinear if and only if there exists three
scalars x, y and z, not all zero simultaneously, such that xa + yI; +20 =0andx+y+z=0.

40.Let a and b be two given non-zero non-collinear vectors. Then any vector # coplanar with
a and b can be uniquely expressed as 7 =mda +nb for scalars m and n.

g g . .
41.Three vectors d, b and ¢ are coplanar if and only if
N - — 2
ld + mb +nc =0, where |, m and n are scalars not all zero simultaneously.

42.1f a, b and C are any three non-zero non-coplanar vectors, and x, y and z are scalars, then
N - N —
Xa +yb+z2c=0=>x=y=z=0.

43.Geometrical interpretation of the scalar product: scalar product of two vectors d and b is
the product of modulus of either a or b , and the projection of the other in its direction.

—

44.Projection of vector AB, making an angle of 8 with the line L, on line L is vector P = | AB |
Ccos 6.

45.Properties of a scalar product:

i. Scalar product is commutative, i.e.,d.b =b.ad

ii. Distributive property of a scalar product over addition:
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iii. If the scalar product a . b = 0, then @ and b are perpendicular to each other.

iv. If d and b are perpendicular to each other, then the scalar product

a-b=0.
v. If a is any vector, thena.a |a|>.
vi. If d and b are two vectors, then (md). b = m(d.b) =d . mb, where m is a scalar.

vii. If @ and b are two vectors, then
ma-nb = mn(él . ﬁ] = (mné] .b=a- mnlf:, where m and n are scalars.

viii. 1f d and b are two vectors, then
5(6)=-(36)=(3) 5
(4):(5)-3-8

(ix) If @ and b are two vectors, then
a+b[ = +[p| +2a-b
lab =[d +[p] ~2a-b

(3+8)(3-5)=[d I

46.The vector product of two non-zero vectors d and b denoted by a x b is defined as @ X b
=| &||5| sin sin 67, where @ is the angle between d and E, 0< 6 < m,and 7 is a unit vector

perpendicular to both d and b. Here, 4, b and 7, form a right handed system.
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bxa a
-aXb

47 .Properties of a vector product:

. - g .
i. a xb isa vector.

ii. Vector product is not commutative.

axaz—[bxa)
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(iii) If @ and b are non-zero vectors, then axb =0 if and only if @ and b are collinear, i.e.  uui %
axb=0 < a||b , here either® =0or 0= =

—

(iv}lfﬁzg,then ‘5x5|: al|pl.

(v) If a and b are two vectors, 2. is a scalar, then raxb = ?.(5 X 5] =axib

(vi) If @ and b are two vectors, and A and p are scalars, then
ra x pEl = lu(éx B) = l(éxpﬁ) = p(léx B)
(vii) Vector product is distributive over addition.
If 4,b and ¢ are three vectors, then
(i) ax(b+¢)= (éx E)+(ax¢}
(i) (b+¢)x a= (bxa)+(cxa)
(viii) Vector product is distributive over subtraction.
If a,b and ¢ are three vectors, then
(i) @x(b-¢)= (axb)-(axc)
(i)(b—C)xa= (bxa)—(cxa)

(ix) If we have two vectors a and b given in component form as,
a=a,i+a,j+a,k and b=b,i+b,j+bk
i J Ok
then dxb=a, a, a,
b, b, b,
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TX?:U;EXEZO;EXQ:O
ixj=k;jxk =ik xi=]
Sxie KoRx = hixk =3

(xja*Xa=0as0=0.sin0=0

a

a Lh=0=3 = sing=1=axb = [t| 3
(xii) The angle between two non-zero vectors a and b is given by
) |5XE| - {|BXD|]

sin = *—— or 0 =sin —
P clE

48.Let d@ and b be two vectors. Then the vectors perpendicular to @ and b with magnitude 'k’
ik[é xb)

. axb|

are given by

49.The area of a parallelogram is equal to the modulus of the cross product of the vectors
representing its adjacent sides.

A= ‘ax5|
50.The area of a parallelogram with diagonals ¢ and dis % |E X ci|

51.The area of a triangle is equal to half of the modulus of the cross product of the vectors
representing its adjacent sides.

A= l‘é X 5‘
2
1 5= = 1l == == 1l (= =
52. The area of a A ABC is ABx AC| or = BCxBA| or = CB xCA|
53.The area of a A ABC with position vectors of the vertices A, B and C is area of
1 =~ = - - =
5ABC:Eaxb+bxc+ch‘.
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54.The length of the perpendicular from C on AB

_ axb+bxc+cxa
55.The length of the perpendicular from A on BC P-4

_axb+bxc+cxa

56.The length of the perpendicular from B on AC 7 =

%‘E x BD , where, AC and BD are its diagonals.

57.The area of a quadrilateral ABCD is

58. The vector sum of the sides of a triangle taken in order is zero.

Top Formulae

1. Properties of addition of vectors

i. Vector addition is commutative
a+b=b+a
ii. Vector addition is associative.
5+(Ti+5) =6+B)+E
iii. 0 is an additive identity for vector addition.

+0=0+a=a

=

2. The position vector of the point C which divides AB internally in the ratio m : n is given by

_mE+n5
m+n

8

3. The position vector of the point C which divides AB externally in the ratio m : n is given by

OC — mb—na.
m-n

' - . - - T -
4. Linear combination of vectors d, b, and ¢ is of the form # = xa + yb + zC, where x, y and z
are the scalars.
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, Where @, b and ¢ are the position vectors

5. The position vector of the centroid is
of the triangle.

_= v " ‘i - _ 2+ 2+ 2
6. Magnitude or length of the vector F=xityl+zkis H XY Tz

7. Vector addition in component form: Given r, = xlT+ ylj + zlﬁ and ry = xzf+ yzfi + ZZE, then

Fl +F2 =(xq +X2)i+(y1 +Y¥2)i+(z1 + 25 )k

8. Difference of vectors: Given ry = xji+y;j+2zK and ry =Xai+y,]+ 25K, then

Fl _F2 = (}(1 —)(2)?4-(‘!1 —Yz)i +(21 ‘ZZ)E

9. Equal vectors: Given ry = xqi+y;j+2ik and ry = x5i+ys]j+ 25k, then r; =r, if and only if

X; =X2;¥1=Y2, 21 =2
10. Multiplication of r = xi+ yj+zk with scalar k is given by kr = (kx)i+ (ky)j + (kz)k

11. For any vector, r in component form r = Xi+ yj'+ zk , then x, y, and z are the direction ratios of r and
X Y and———%____ are its direction cosines.

] L]
PE+y 428 K +yr 42 W +y + 2

12.The direction ratios of the line segment joining points (x1, y1, z1) and (x2, y2, z,) are
proportional to x2 — X1, Y2 — Y1, Z2 — Z1.

13.1f a vector 7 has direction ratios proportional to a, b and c, then

i

Ja2 +b? + &

r=

(a?+ bj + Clz)

14.letd and b be any two vectors and k and m be two scalars, then
i. ka +ma =(k+m)a
i. k(m a)=(km)a

iii. k@+b)=kd +kb
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15. Vectors ry = x4i+Yy;j+2z1K and ry = X5i+y,j + 2,k are collinear if

(x1f+ ylj + zllz) = k(xzh yzﬁ + zzlz)
e.Xs =Kkxo y1=kys;z1 =k z2

or izh:i:k

X2 Y2 24

16.The projections of a vector 7 = xT + yJ + zk on the coordinate axes are |7, m7, n7, where |,
m and n are the direction cosines of the vector 7.

17.The scalar product of vectors a and b is a. b= |a| |I;|cos 6, where @ is the angie between

vectors d and b.

18.The scalar product in terms of components: Let @ and b be two vectors such that

a= alf+ azj + a3lz and b = b1f+ sz - b3lz, then

Wl

-b=ab, +a,b, +a,b,

'cos 0= |_a|—'z‘ or 6 = cos™ (ﬁ]
- = ¥ al. CR
19.The angle between two non-zero vectors a and b is given by

20.Let @ and b be two vectors such that @ = a;i + a,f + askandb — byi + b,j + bk,
then the angle between the two non-zero vectors d and b is given by

e a,b, +a,b, +a;b,
Jalz +a’ +a’ - Jblz +b,” +b,’

21.Let d and b be two vectors. Then

i. @.b=0ifand onlyif d is perpendicular to b.

S

i. d.b >0ifandonlyif 6 is acute.
ii. @.b <O0ifand only if 6 is obtuse.

22.Components of a vector along and perpendicular to vector: Let @ and b be two vectors.

Then the components of b along and perpendicular to d are
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23.The projection of 7 on the X, Y and Z axes are x, y and z, respectively, where 7 - xi + yj + zk.

28 1f 7 =xi + yj + zk, then x, y and z are called the components of # along X, Y and Z axes,
respectively.

25.1f 7 -xi+yj + zk is a vector making an angle «, g and y with the X, Y and Z axes, respectively,
then,

r= H[(cos a)i+ (cosp)j+ (cos w,r)lz] and

cos’ o+ cos’ B+ cos’y =1

26.For unitvectors i, jand k,i.i=j.j=k.k=1andi.j=j.k=k.i=0
27.The unit vector in the direction of vector ' r = xi+yj+ zk is 2 _ Xiryjrk
‘r x> +y% +2

2

28.Projection of a vector @ on other vector bis given by:

_~ _1|b I
a.b=a|=|= E(a.b]

29.Cauchy-Schwarz Inequality: ‘a.b| 2 ‘éHb‘
‘5+ 5‘ <la + ‘b‘
30.Triangle Inequality:
a x b=[al || sinoA.

31.The vector product of vectors aand b is

32.Geometrical meaning of vector product:
Let @ and b be two non-zero, non-parallel vectors.

Then the cross-product a X b is a vector with magnitude equal to the area of the
parallelogram having @ and b as its adjacent sides and direction 71 is perpendicular to the
plane of @ and b.
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Class : 12th Maths
Chapter- 10 : Vector Algebra
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i IfA Multiplied to
: vector AB, then the

direction remain called a vector. The

; . G ) ) : : magnitude is A quantity that has both
: For a given vector 4, the vectord = |;| gives the unit vector in the E i multiplied |A| by and magnitude and direction is

: direction of a. for eg , if a=5i, then g = [—SBIT =i ,which is a unit vector.g . same (or opp.) distance between the
T E accordingas initialandterminalpoints
Ais the + ve or, ve- of a vector is called its
Multiplication of . magnitude. Magnitude of
vector by a scalar vector AB is |AB|.
Vectors

Posmon vector of a point P (x, y, z) is Xl +y ] + zk and its magnitude ist

: OP(r)— x> + y* + z* .For eg: Position vector of P (2,3,5) is 2i +3] +5k

.............................................................................. . : and its magmtude is /2 +3 +5° - —/38
The POSIthn VeCtOr Ofa p01nt R leldlnga llne Segment E ----------------------------------------------------------------------------
ining P, h ition I's ar r fnthe : Vs =/ psasssessssssasssssssssssssosssanassssansanssnsasnnsssananasy .
]ot 8 Q whose PoS tion vectors area, b ESEY Lis : = The scalar components of a vector are its direction '
iratiom : n = ] !
£(d) internally is na+mb , (ii) externally is M ] ratios, and represent its projections along the
: m+n respective axes. :

Position

The magnitude () direction ratios (a,b,c) and direction
Vectors

If a, b are the vectors and '0', angle between

L4 ~ ~ ~
cosines (I,m,n) of vectorai +b j+ck are related as:
: a b c
l=—m=—,n=—

r r

-Forcg If AB= l+2j+3/\ thenr=1+4+9 =14 :

= Direction ratios are (1,2,3) \/_ \j_ \/_
: and direction cosines are |\14°V14’V14

Position of
vectors

: them, then their scalar product a.b =|a||b|cos .0

P =c0s.0=——

Scalar Product of

Vector Algebra
two vectors 8

. Alas 2 : Direction ration
axb= |a||b|sm9n,n is a unit vector:

and direction

perpendicular to line joining a,b. cosines

If we have two vectors
a=aq, i+a, j+a k b= b1+b /+h k and
A is any scalar, then-

a+b=(a,+b, )i+(ay+b,)j+(a,+b,)k :
Aa =(Aa, );"' (Aa, );"‘ (Aay )if ; Properties of
ab=ab +a, b, +a, b, and Vectors

~ A A

i j ok

Types of Vectors

Cross Product of
two vectors

(i) Zero vector (initial and terminal
points coincide)

(ii) Unit vector (magnitude is unity.
(iii) Coinitial vectors (same initial
points)

(iv) Collinear vectors (parellel to the
same line)

(v) Equal vectors (same magnitude
and direction)

(vi) Negative of a vector (same
magnitude, opp. direction)

axb=\a, a, a
b b, b

3

The vector sum of two coinitial
vectors is given by the diagonal

of the parallelogram whose : /7 | i s e

adjacent sides are given vectors.
2 B

The vector sum of the three

A
sides of a triangle taken in
a 5 orderis 0 .i.e
if 4B,AC are the given vectors, if ABC is given triangle, then
then AB+AC=AD AB+BC+CA=0. = > i
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Multiple Choice questions-

1. In AABC, which of the following is not true?

C

A B

—_—

(a) AB + +

| 3
| 2

I
=)

=

(b) AB + BC - AC
(c) AB+BC-CA=0

(d)AB-CB+CA=0

2.1f G and b are two collinear vectors, then which of the following are incorrect:
(a) b = Ad tor some scalar A.

(b)d =+b

(c) the respective components of @ and b are proportional

(d) both the vectors d and b have the same direction, but different magnitudes.

3.If ais a non-zero vector of magnitude ‘a’ and Aa non-zero scalar, then Ad is unit

vector if:
(@)A=1
(b)A=-1
(c)a=[A|
1
(d)a= o

4. Let A be any non-zero scalar. Then for what possible values of x, y and z given below,
the vectors 21 - 3f + 4k and xi - yj + zk are perpendicular:

(a)x=2Ay=Az=A
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(bD)x=Ay=2\z=-A Tutmne s
(O)x=-Ay=2Az=2A
(d)x=-Ay=-2\,z=A.

- g - i \/2 - . . .
5. Let the vectors a and b be such that |a| =3 and |b| = Y then a x b is a unit vector if

the angle between d and b is:
(@) 2

(b) 5

(©3

(d)

6. Area of a rectangle having vertices
A(-+=] +4R),
B@+%j+4§)
C(i—%j+4§)
D(i—%j+4§)m

(a) % square unit

(b) 1 square unit

(c) 2 square units

(d) 4 square units.

7.1f 0 is the angle between two vectors d, b,thend.b >0 only when
(@0<e<§

(m0ses§

(c)0<B<m

Website - www.fukeyeducation.com, Email :- fukeyeducation@gmail.com (17)



1o VECTOR ALGEBRA ke,
-‘!!O

(d)0<B<sm Fulas Ky

8. Let @ and b be two unit vectors and 6 is the angle between them. Then @ + b is a unit
vector if:

() 6=

(b) 0 =

wly 13

(c)6=

SITE

2w
(dMo==

~

9.1f{i, j, k} are the usual three perpendicular unit vectors, then the value of:
L(jxk)+j(xk)+k.(@x])is

(a)o

(b) -1

(c)1

(d) 3

10. If 0 is the angle between two vectors d@ and b, then |d. b| = |d x b| when 8 is equal to:
(@) 0

(b) ~

(93

(d) m

Very Short Questions:

1. Classify the following measures as scalar and vector quantities:
(i) 40°
(ii) 50 watt
(iii) 10gm/cm3

(iv) 20 m/sec towards north
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(v) 5 seconds. (N.C.E.R.T.) Tutmne s
2. In the figure, which of the vectors are:

(i) Collinear

(ii) Equal

(iii) Co-initial. (N.C.E.R.T.)

3. Find the sum of the vectors:
G-=i1—2j+kd=-—2i+4j+5kandé=1—6j — Tk (C.BSE 2012)

4. Find the vector joining the points P (2,3,0) and Q (-1, - 2, - 4) directed from P to Q.
(N.C.EE.R.T.)

5. Ifd =xi + 2] - zk and b~ = 3i = yj + k are two equal vectors, then write the value of x
+y+z. (C.B.S.E. 2013)

6. Find the unit vector in the direction of the sum of the vectors:
G=2i—j+2kandb==i+ j+3k(NCERT)

7. Find the value of ‘p’ for which the vectors: 37 + 2j + 9k and i - 2pj + 3k are parallel.
(A.I.C.B.S.E. 2014)

8. If @ and b are perpendicular vectors, |d@ + b| = 13 and |d| =5, find the value of |b|
(ALC.BS.E. 2014)

9. Find the magnitude of each of the two vectors a and b, having the same magnitude
such that the angle between them is 60° and their scalar product is % (C.BS.E. 2018)

10. F
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ind the area of the parallelogram whose diagonals are represented by the vectors: a ;%
=21 -3j + 4k and b =21 ~ j + 2k (C.B.S.E. Sample Paper 2018-19)

Short Questions:
1. If 0 is the angle between two vectors:

i — 23 +3kand 37 — 23 + .i:_ﬂnc sing. (CBSE

[~

018)

2. X and Y are two points with position vectors 3a+bandd-3b respectively. Write
the po-sition vector of a point Z which divides the line segment XY in the ratio 2:1
externally. (C.B.S.E. Outside Delhi 2019)

3. Find the unit vector perpendicular to both a and b, where:
4 =47 —}+8.§;anc5= —}—l—.f.:

4. Ifd=20+2j+k b=-1+2j+Fkand =30+ ] are such that d@ + Ab is perpendicular
to ¢, then find the value of A. (C.B.S.E. 2019 ()

5. Letd =1+ 2j - 3k and b=3{ — 7 + 2k be two vectors. Show that the vectors (d + I;)
and

(a- 1_5) are perpendicular to each other. (C.B.S.E. Outside Delhi 2019)

6. If the sum of two-unit vectors is a unit vector, prove that the magnitude of their
difference

is V3. (C.B.S.E. 2019)
7. Ifd+b+Z=0and |d|=3,|b| =5 and |d| = 7, then find the value of @b + b-¢ + ¢-d

(C.B.S.E. Sample Paper 2019-20)

S

8. Find |d - b|, if two vectors a and b are such that |d| = 2, | b | = 3 and @b = 4.

(N.CER.T.)
Long Questions:

1. Letd=4i+5/-kand b =i -4 + 5k and & = 31 + j - k. Find a vector d which is
perpendicular to both ¢ and band d -d =21. (C.B.S.E. 2018)

2. Ifp=1+j+kandd=1-2j+k, find a vector of magnitude 5v3 units perpendicular
to the vector g. and coplanar with vector p and ¢. (C.B.S.E. 2018)

Website - www.fukeyeducation.com, Email :- fukeyeducation@gmail.com (20)



1o VECTOR ALGEBRA ke,
-.‘!!0

3. Ifi+j+k, 2+ 5,31+ 2j - 3k and i - 6] - k respectively are the position vectors of s
points A, B, C and D, then find the angle between the straight lines AB and CD. Find

4. 1fGg+b+¢&=0and |d| =3, |b| =5, and |¢| =7, find the angle between & and b. (C.B.S.E.
2014)

Case Study Questions:

1. A barge is pulled into harbour by two tug boats as shown in the figure.

YA
nf IS
10 F A
9F
8..
6
5F
4.—
3F
7| C
x'< —_— 4+ \
O 12345678 9101112
Y

\J
Based on the above information, answer the following questions.

I. Position vector of A is:
adi+2j
b 41+ lﬂj
c4i —10j
d 41— Zj
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Ii. Position vector of B is: P
a 41 + 4]
b 61+ 6]
c. 91+ 7]
d 31+ 3]
iii. Find the vector AC in terms of i, ] .
a. 8]
b. —8]
c. 81
d. None of these
viFA =1+ 2j —+ 31{, then its unit vector is:
i 2j 3k
a. —
va v v T Vi
2j
V14
2i 3j
C.
Vi T i
d. None of these

V.Ifﬁ=4i+3j andﬁ=3i —|-4j,then |;‘;L| + |E| ==

3i k
b.m—l— +fﬁ

k
+fﬁ

a 12
b. 13
C. 14
d 10

2. Three slogans on chart papers are to be placed on a school bulletin board at the
points A, Band C displaying A (Hub of Learning), B (Creating a better world for
tomorrow) and C (Education comes first). The coordinates of these points are (1, 4, 2),
(3,-3,-2) and (-2, 2, 6) respectively.
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€ A | Hub of Learning

Future's Koy

B C

==
=

Creating a Education 3
-
=
g
|

better world |lcomes first

for tomorrow

Based on the above information, answer the following questions.

I Let ﬁ, b and C be the position vectors of points A, B

and C respectively, then a + b4 Cis equal to:
a 21 + 3j + 6k
b 21 — 3j — 6k
c 2i+8) + 3k
d Q(T’i + 8) + 3k)

Ii. Which of the following is not true?

a AB+BC+CA=0

I
=

b.AB +BC — AC

cAB+BC—-CA =0

. AB—-CB+CA=0
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ii. area of ANABC is:

a. 19 sqg. units

1937sq. units
C %leSTSq. units

1837sq. units

V. Suppose, if the given slogans are to be placed on a straight line,

1 1
Mol =t

Qoo
=N

=
=
a0l
|
]
= ¥
+
"—l .3

2% 3%
a<-l—+]—
2% 3z
b.?l—l—?J—l—
3% 2%
.?1—|—?J—i—

d. None of these

=@ =1 =1

b’

then the value of |:?1’ xb+bx¢+¢€x 5| will be equal to:

k then unit vector in the direction of vector a is:

=y

s

Answer Key-

Multiple Choice questions-

1.

2.

Answer: (c) AB+BC-CA=0

Answer: (d) both the vectors d and b have the same direction, but different

magnitudes.

Answer: (d) a= |_7lq

Answer: (c)x=-A,y=2\,z=2A

Answer: (b) %
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6. Answer: (c) 2 square units Tutmne s

7. Answer: (b) 0<0 sg

8. Answer: (d) 0 = Z?n
9. Answer: (d) 3

10. Answer: (b) %

Very Short Answer:
1. Solution:
(i) Angle-scalar
(ii) Power-scalar
(iii) Density-scalar
(iv) Velocity-vector
(v) Time-scalar.
2. Solution:
(i) @, ¢ and d are collinear vectors.
(ii) @ and ¢ are equal vectors.
(dii) b, ¢ and d are co-initial vectors.
3. Solution:

Sum of the vectors = @ + b + ¢
=(i—2] +k)+(~2i+4] +5k)+(i—6] —7k)
=(i=2i+D)+(=2] +4] —6))+ (k+5k —7k)
=—4j —k.

4. Solution:
Since the vector is directed from P to Q,

-~ P is the initial point and Q is the terminal point.
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= Reqd. vector = PQ Sune’s Ky

=(—E—2}—4E}-—(2?+3}+DE)
=[—]—2)?+(—2—3}}+(-4-—ﬂ]£
=—3i-5]-4k.

5. Solution:

Here

a 5=}-;1:%—|—23'—z£:=3%—y3—|—ic

Comparing, A: =3,2=-yie.y=-2,~z=1llie.z=-1.
Hence,x+y+z=3-2-1=0.

6. Solution:
We have :a=2i—j+2k

= A A A
and  p=—j4 j+3k:

e e

c=a+b

A A A A -~ A
=(2i —j+2k) + (=i +j+3k

=i+0.j+5k
Sl l=y12 407 +52
= V1+0+25 =+/26.

. —
R A c
. Reqd. unit vector = ¢ = —

_}
| e
_i+0j+5k _i+5k

V26 V26

7. Solution:

The given vectors 3% + 2j + 9k and i - 2pj + 3k are parallel
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32 _ 940 1 _4 s
'-—_l
ifp= 3

8. Solution:

We have :|a+b|=13.
Squaring, (a+b)> =169
=|aP +|BP+2a.b =169
2 2
=(5)"+|b|"+2(0) =169

0]

[ @ and b are perpendicular= a b

= [B|? =169 - 25=144,
Hence, [B] = 12.
9. Solution:

By the question, |@| = |B] -.(1)
Now @ - b = |a||g| cos 8

;% = |a||a| cos 60° [Using (1)]
>3 =1af (3)

= |d@* =9

Hence, |d| = [B] =3.
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= %{—6 +4)— §(4-8)+k(-2+6) Juturd's Koy

~ Area of the parallelogram = %|Ei x b

(6) = 3 50. Units.

Short Answer:
1. Solution:

laxbl
1@k

We know that sin 8 =

(F=2]+3k)x (3 =2]+k)
1§ —2j+3k N3 —2]+k|

(1)

=sinf =

Now (i —2] +3k) X (3f = 2] +k)

i ]k
_|1 -2 3
3 -2 |

= i(=2+6)= j(1=9) +k(=2+6)

=4i +8]+4k .
o |4 +8]+4k| = JT6+62+16
=96 = 4V6

and i —2j+3k| = V1+4+9 = V14,
13i 2] +k1= Jo¥a+1=+14.

4af6 a6
.. From(l),sinB= = —,
(1),sin®= 7o 2 = 1a
Hence, sin 8= ﬁ
T
2. Solution:

Position vector of

i 9{5—3{;}_—1{35—5} =T
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3. Solution: Tutne ey

Wehave: G=4i—j+8k ,b=—j+k.

axp =4 -1 8
0 -1 1

= i (=1+8)~ j(4=0)+ k(- 4+0)
7i-4] -4k,

|Ex5|

J? +(= 42 4+ (= 4)?
- JBTI6TIE= BT =9

Hence, the unit vector perpendicular to both @ and b

dxb Ti-4j-4k T: 45 4:
Tlaxb| 9 9 9 9

4. Solution:

We have:
a=G=12i+2j+kandb=—1+2j+k
fa+Ab= (21 +2]+3k) +A(—i +2]+k)
=(2 - }\)%+(2+2h)3 +(8+h]§.’:.

Now, (a + )xf;) is perpendicular to ¢,

L A
y a

S ((2-N 1 +(2+20F +(3+Ak). (33 +J) =0
S (2-N(3)+(2+20) 1)+ (3+N)(0)=0
=>6-3A+2+2\=0

= -\ +8=0.
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Hence, A, = 8. Futunds Koy
5. Solution:

Here,&'—k?;:(% +23—3%J+(3% _.}”LZ'%J

- 47 +3-' —i;'

and@ — b =(i+25-3k) - (33 -]+ 2K)

=21 +3_}' - 5k

Now,

G+b.d—b=(4i+j—k»-(23+3] -5k

=(4)(-2)+(1)B)+ (1) (-5)

=-8+3+5=0.

—

Hence a +3 s perpendicularto @ — b.

6. Solution:
Wehave:|5|:|.5|=1, £-1+£—?|=l.
Let AB = g,BC=bh.
Then, AC = AB+BC=a+b
and ﬁﬁ = DA + AB
- _ AD + AB = AB - AD
=a-b
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D C Futurd's Koy

=l

Ay
=

A

By the question,

— > ?

IAB| = [BC| = |AC| =1
= AABC is equilateral, each of its angles being 60°
= £«DAB =2 x60°=120° and ZADB = 30°.

By Sine Formula,

DB _ AB
sin /DAB ~ sin Z/ADB

DB| _ |AB|
sin 120°  sin 30°

| . | sin120°
sin 30°

\E!le =\E‘

1/2
Hence, |E-r£| = \ﬁ

]

7. Solution:
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Here, a+b+c=0 Futurds Koy
- (&+E+E]-(E+E+E}=U
_ a-a+a-b+a-c+b-a+b-b

+b-c+c-at+c-b+c-c=0
= [ +[5 +[d +2(a-B+B-c+2-a)=0
= 31+51+?1+2(5-5+5+E+E~E)={}
= 2(a-b+b-c+c-a)=—(9425+49).

83

Hence, a-b+b-c+c-a =—E.

8. Solution:

Here, a+b+c=0

= (E+E+E]-(E+E+E}=U

_ a-at+a-b+a-c+b-a+b-b
+b-c+c-a+c-b+c-c=0

= [ +[5 +[d +2(a-B+5-c+e-a)=0

= 31+52+T2+2(5-5+5+E+E~E)={}

= 2(a-b+b-c+c-a)=—(9+25+49).

Hence, a-b+b:c+c-a == =

Long Answer:

1. Solution:

E=i—43+5§:and
c=3i+j-k
Letgzx%+3f}+z%
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since (f is perpendicular to both ¢ and 3 Futune's Hoy

d-¢=0andd -b=0

= (x1 +yﬁ+z,@:).(3%+3—1}):0
and (x2 +y7 +zk) . (1 -47+57) =0
= 3x+y-z=0..(1)

andx -4y +5z=0 ..(2)

Also, d - @ = 21

= (x% + yf,-' + zi::]. (4% + 531' - fs:) =4
= 4x + 5y-z = 21 ...(3)

Multiplying (1) by 5,
15x+5y-5z2=0..(4)

Adding (2) and (4),

16x+y=0..(5)

Subtracting (1) from (3),
x+4y=21..(6)

From (5),

y=-16x...(7)

Putting in (6),

X-64x=21

-63x: =21

PUtting in (7),y = —16 (—3) = &

Puttingin (1), 3 (—3) + 16 5 _q
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z=13/3 Futunds Koy

— .P: ﬁ.-\ 3-‘\
Henced = —51i + ?j ?k

l'.l-i'll—‘

2. Solution:
Let 7 = ai + bj + ck be the vector.
Sincer L q
M@+ (d)+1(c)=0
>a-2b+c=0

Again, p , g and ¥ and coplanar,

~[p g rl=0
1 1 1

=1 =2 1|=0
a b

= (1) (-2c=b)—-(1) (c—a)+ (1) (b+2a) =0
= -2c-b-c+a+b+2a=0

= 3a-3c=0

=>a-c-0

Solving (1) and (2),
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a b C Futund's Koy

ane

2-0  1+1 042

a b ¢
= _ = ==

2 2 2

a P_¢
= 1T 1T

F =lf+1j+1£.
o IFI= 3.
o . F i+ j+k
..Umtveclurr—lﬂ- Ji

Hence, the required vector = S\E r

=53

i+ j+k

NE

=5+ ]+k).

3. Solution:

Note: If ‘@’ is the angle between AB and CD,

then 8 is also the angle between AB and CD .

—
Now A B = Position vector of B — Position vector of A

=QRi+5)-(+j+k)=i+4]—k.

o TAB = ()2 + (@)% +(-1)2 =342 .
Similarly, CD =-2{ — 8 + 2k

and |CD =642 .

Thus cos B = E—(}E
|ABIICD|

_ 1(=2) + 4(=8) + (-1)(2) _ -36

=-1.
(33/2)(6+/2) 36

Since 0 £8 <, it follows that 8 = . This shows that AB and CD are collinear.

- R
Alternatively, AB = —5CD which implies
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— — )

that AB and CD are collinear vectors. s

4. Solution:

where ‘0’ is the angle between a and b
= (3)2+(5)2+2(3)(5)cosB=(7)2
=9+ 25+ 30 cos 6 =49

:30c059:49—34:>c056:§
= 0 =60".
Hence, the angle between @ and b is 60°.

Case Study Answers:
1. Answer:
i (b) 4i + 103

Solution:

Here, (4, 10) are the coordinates of A.

- PVofA =4i+10j
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ii. (c) 9i + 'E’j Futune's oy
Solution:

Here, (9, 7) are the coordinates of B.

~PVofB=9i+T7j

iii. (b) —Sj
Solution:
Here, PV, of A = 41 + lﬂj and P.V. of
C=4i+2j
AC=(4—4)1+(2—10)] = —8j

| : 2] 2%k
Iv. (a) i + i + /id
Solution:

Here,£=i+2j+3];
A =V + 22+ = T+4+9=114

Y A i+2j+3k
A=4 =
A V14
1 v 2 5 %1
- 1 k
vitd T
V. (d) 10
Solution:

Wehawe,£=4i+3jand]§=3i—|—4j

LAl =V +3 =16+9=V25 =5
And|]§|=\/m=\/m:\/2_:5
Thus, |A| + |B| =5 + 5 = 10.
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2.

Answer :

.(a)21—|—3j—i—6fc

Solution:

- 2 3 Y 2 > -
a=1+4j+2k, b=31—-3) —2k
and ¢ = 21+ 2j + 6k

- a+b+¢=2i+3j+6k

 (OAB+BC—-CA =0

Solution:

Using triangle law of addition in &ﬁBC,

we get AB + BC — CA = 0 which can be rewritten as,

AB4+BC—-CA=00rAB—CB+CA =0

() %1*‘“ 1937sq. units

Solution:

We have, A(1 ,4, 2), B(3, -3, -2) and C(-2, 2, 6)

Nuw,ﬁzg—azzi—Tj—'if{

ad AC =¢—a=—31 —2j +4k

e - e,

i j k
ABxAC=|2 _7 4
-3 —2 4

— 1(—28 —8) — j(8 — 12) + k(—4 — 21)
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— 361 +4j — 25k

ow, [AB x AC| = 1/(~36)2 + 42 + (~25)?

= /1296 + 16 + 625 = /1937
area of AABC = %|ﬁ x E|
— 2+/1937sq. units.

v (d) 0
Solution:

If the given points lie on the straight line,

then the points will be collinear and so area of AABC = 0.
= |axb+bxc+cxal =0
[*.cIf 51 ]:_:;, E are the position vectors of the three vertices
A, B and C of &ABC, then area of triangle
=%|E><E—i—l_:; X ¢+ ¢ x al]
vy 242+ 2k
Solution:
Here, |a]=1/22 3% + 6% = /A + 6+ 36
_ /A9 =7

. Unit vector in the direction of vector .:Ti is

2i+3j+6k
7

a

i+ 3k

=I| e

it

=I| b2
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